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IRREDUCIBLE REPRESENTATIONS OF q-SCHUR
SUPERALGEBRAS AT A ROOT OF UNITY
JIE DU, HAIXIA GU AND JIANPAN WANG
Abstract. Under the assumption that the quantum parameter q is an lth primitive
root of unity with l odd in a field F of characteristic 0 and m+n ≥ r, we obtained a
complete classification of irreducible modules of the q-Schur superalgebra SF (m|n, r)
introduced in [11].
1. Introduction
The investigation on Schur superalgebras and their quantum analogue has achieved
significant progress in the last decade; see, e.g., [2, 3, 7, 16, 11, 20]. This includes
an establishment of a super analogue of the Schur–Weyl reciprocity by Mitsuhashi,
a Kazhdan–Lusztig type cell approach to the representation theory of q-Schur su-
peralgebras by Rui and the first author, and, recently, a presentation of q-Schur
superalgebras by Turkey and Kujawa. As part of a super version of the quantum
Schur–Weyl theory, these developments are all in the generic case where the quantum
parameter is generic or not a root of unity.
This paper attempts to investigate the structure and representations of q-Schur su-
peralgebra at a root of unity. As is seen from [11] and [20], q-Schur superalgebras share
many of the properties of q-Schur algebras. For example, both have several definitions
in terms of Hecke algebras via (super) q-permutation modules, quantum enveloping
algebras via tensor (super)spaces, and quantum coordinate (super)algebras via the
dual of homogenous components; both have integral versions and the base change
property; both have Drinfeld-Jimbo type presentations; etc. However, the structure
of q-Schur superalgebras is fundamentally different. For example, no quasihereditary
structure or cellular structure is seen naturally. Thus, classifying irreducible mod-
ules requires an approach that is different from the usual quasihereditary or cellular
approach.
In this paper, we will generalise the approach used in [8, 10] for q-Schur alge-
bras to q-Schur superalgebras. This approach was developed as a q-deformation of
the modular permutation representation theory established by L. Scott in 1973 [19].
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One important feature of this approach is that the resulting classification of irre-
ducible representations is analogous to Alperin’s weight conjecture [1] for modular
representations of a finite group. More precisely, we consider a q-analogue of an
endomorphism algebra of a signed permutation module instead of a group algebra,
consider l-parabolic subgroups instead of p-subgroups, and consider representations
of a quotient algebra defined by an l-parabolic subgroup as “local” representations.
Thus, the isomorphism types of irreducible modules are determined by an l-parabolic
subgroup P together with a projective indecomposable module of the quotient algebra
associated with P .
The main ingredients in this approach are the notion of relative norms for repre-
sentations of Hecke algebras of type A, which was introduced by P. Hoefsmit and
L. Scott in 1977, and its corresponding properties which include transitivity, Mackey
decomposition, Frobenius reciprocity, Nakayama relation, Higman criterion; see [14].
By describing a basis for a q-Schur superalgebra in relative norms, we will attach
a defect group, which is an l-parabolic subgroup, to a basis element and introduce a
filtration of ideals in terms of defect groups. Thus, every primitive idempotent e lies
in a minimal ideal in the sequence. We then attach to e a defect group D(e). This
defect group is the vertex of the corresponding indecomposable module for the Hecke
algebra. If D(e) is trivial, then the indecomposable module is projective. Hence, it is
determined by an l-regular partition. If D(e) is nontrivial, then the image of e in the
quotient algebra by the ideal right below e has the trivial defect group. Thus, once
we show that the quotient algebra is again an endomorphism algebra part of which is
again a q-Schur superalgebra, we may determine all primitive idempotents with the
trivial defect group in the quotient algebra. In this way, we completely determine
the isomorphism types of irreducible modules for a q-Schur superalgebras SF (m|n, r)
with m+ n ≥ r by the index set Pr (Theorem 11.2).
We point out that classification of irreducible supermodules for Schur superalgebras
was first completed by Donkin [7] under the conditionm,n ≥ r. Brundan and Kujawa
extended the result to arbitrary m,n, r ([3, Th. 6.5]) in their beautiful paper for
a proof of the Mullineux conjecture. Their approach is quite different from ours,
involving a certain category equivalence, Mullineux conjugation function, a process
of removing nodes from p-rims of a partition, and a couple of other relevant functions.
See Appendix II for more details, where we will also make a comparison between the
two classification index sets Λ++(m|n, r) and Pr when m+ n ≥ r and l = p.
Like Alperin’s weight conjecture, our approach is not constructive for irreducible
modules. However, it indicates a certain tensor product structure. We plan to ad-
dress this issue in a different paper; see Remark 11.4. One possible approach is to
quantise the work of Brundan–Kujawa. However, it would be interesting to find an
explicit construction compatible with the index set Pr. We also point out that we
only consider the q-Schur superalgebra as an algebra and representations as algebra
representation in this paper.
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The contents of the paper are organised as follows:
(1) Introduction
(2) Quantum Schur superalgebras
(3) Relative norms: the first properties
(4) Some vanishing properties of relative norms on VR(m|n)
⊗r
(5) Bases for SR(m|n, r) in relative norms
(6) A filtration of ideals of SR(m|n, r)
(7) Alternative characterisation of the ideals IF (P, r)
(8) Quantum matrix superalgebras
(9) Frobenius morphism and Brauer homomorphisms
(10) Shrinking defect groups via Brauer homomorphisms
(11) Classification of irreducible SF (m|n, r)-modules
(12) Appendix I: Brauer homomorphisms without Frobenius
(13) Appendix II: A comparison with the classification of Brundan-Kujawa
Throughout the paper, let Z = Z[υ,υ−1] be the Laurent polynomial ring in inde-
terminate υ and let R be a domain which is a Z-module via a ring homomorphism
Z → R. We further assume that the image q of υ in R is a primitive lth root of 1
with l odd. We will always assume the characteristic char(R) 6= 2. From §7 onwards,
R = F is a field of characteristic 0. For a, b ∈ N with a < b, we often write
[a, b] = {a, a+ 1, . . . , b}.
2. Quantum Schur superalgebras
We first recall the definitions of q-Schur superalgebras in terms of signed q-permutation
modules and tensor superspaces.
Let (W,S) be the symmetric group on r letters where W = Sr = S{1,2,...,r} and
S = {sk | 1 ≤ k < r} is the set of basic transpositions sk = (k, k + 1), and let
ℓ : W → N be the length function with respect to S.
An n-tuple λ = (λ1, λ2, · · · , λn) ∈ Nn is called a composition of r into n parts if
|λ| :=
∑
i λi = r. A composition λ of r is called a partition of r if λ1 ≥ λ2 ≥ . . .. Let
Λ(n, r) ⊂ Nn be the set of all compositions of r into n parts and let Λ+(n, r) be the
subset of partitions in Λ(n, r). In particular, let Λ+(r) = Λ+(r, r) be the set of all
partitions of r. We sometimes use the notation λ |= r or λ ⊢ r for a composition or
partition of r.
The parabolic (or the standard Young) subgroup Wλ of W associated with a com-
position λ consists of the permutations of {1, 2, · · · , r} which leave invariant the
following sets of integers
{1, 2, · · · , λ1}, {λ1 + 1, λ1 + 2, · · · , λ1 + λ2}, {λ1 + λ2 + 1, λ1 + λ2 + 2, · · · }, · · · .
We will frequently use the following notation: if W ′ is a subgroup of W and Wµ is
another parabolic subgroup, the notation Wµ =W Wλ means W
x
µ := x
−1Wµx = Wλ
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for some x ∈ W , while the notation Wµ ≤W W
′ means that a parabolic conjugate of
Wµ is a subgroup of W
′, i.e.,W xµ ≤W
′ and W xµ is also parabolic for some x ∈ W .
We will also denote by Dλ := DWλ the set of all distinguished (or shortest) coset
representatives of the right cosets of Wλ in W . Let Dλµ = Dλ ∩ D
−1
µ . Then Dλµ
is the set of distinguished Wλ-Wµ coset representatives. For d ∈ Dλµ, the subgroup
W dλ ∩ Wµ = d
−1Wλd ∩ Wµ is a parabolic subgroup associated with a composition
which is denoted by λd ∩ µ. In other words, we define
Wλd∩µ = W
d
λ ∩Wµ. (2.0.1)
We will often regard a pair (λ(0), λ(1)) ∈ Λ(m, r1) × Λ(n, r2) of compositions of m
parts and n parts as a composition λ of m+ n parts and write
λ = (λ(0)|λ(1)) = (λ
(0)
1 , λ
(0)
2 , · · · , λ
(0)
m |λ
(1)
1 , λ
(1)
2 , · · · , λ
(1)
n )
to indicate the“even” and “odd” parts of λ. Let
Λ(m|n, r) = {λ = (λ(0)|λ(1)) | λ ∈ Λ(m+ n, r)}
=
⋃
r1+r2=r
(Λ(m, r1)× Λ(n, r2))
By identifying Λ(m|n, r) with Λ(m + n, r), the notations Wλ, Dλ, Dλµ, etc., are all
well defined for all λ, µ ∈ Λ(m|n, r).
Notation 2.1. For ρ = (ρ1, ρ2, . . . , ρt) |= r, we will sometimes write the parabolic
subgroups
Wρ = Wρ1 ×Wρ2 × · · · ×Wρt
where Wρ1 = S{1,...,ρ1}, Wρ2 = S{ρ1+1,...,ρ1+ρ2}, and so on. For λ(i), µ(i) |= ρi, the
notation Dλ(i)µ(i) , etc., are defined relative to Wρi. In particular, for λ = (λ
(0)|λ(1)) ∈
Λ(m|n, r), we make the following notational convention:
Wλ = Wλ(0)Wλ(1) =Wλ(0) ×Wλ(1) , (2.1.1)
where Wλ(0) ≤ S{1,2,...,m} and Wλ(1) ≤ S{m+1,...,m+n} are the even and odd parts of
Wλ, respectively.
Lemma 2.2. For λ = (λ(0) | λ(1)), µ = (µ(0) | µ(1)) ∈ Λ(m|n, r), d ∈ Dλ, and d
′ ∈ Dµ
let Wλd∩µd′ := W
d
λ ∩W
d′
µ and W
ij
λd∩µd′ =W
d
λ(i)
∩W d
′
µ(j)
for all i, j ∈ {0, 1}. Then
Wλd∩µd′ =W
00
λd∩µd′ ×W
11
λd∩µd′ ×W
01
λd∩µd′ ×W
10
λd∩µd′ .
Moreover, if s ∈ S ∩Wλd∩µd′ , then s ∈ W
ij
λd∩µd′ for some i, j ∈ {0, 1}. In particular,
any parabolic subgroup Wη of Wλd∩µd′ is a product of parabolic subgroups Wηij =
Wη ∩W
ij
λd∩µd′ with i, j ∈ {0, 1}.
Proof. The assertion about direct product is clear. For s ∈ S, if s ∈ W dλ , then
s = d−1s′d or ds = s′d for some s′ ∈ Wλ. Thus, 1+ℓ(d) ≤ ℓ(s
′)+ℓ(d) = ℓ(ds) ≤ 1+ℓ(d)
forces ℓ(s′) = 1. Hence, s′ ∈ S and s′ ∈ Wλ(0) or s
′ ∈ Wλ(1) and so, s ∈ W
d
λ(0)
or
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s ∈ W d
λ(1)
. Similarly, one proves that s ∈ W d
′
µ(0)
or s ∈ W d
′
µ(1)
. Hence, s ∈ W ijλd∩µd′ for
some i, j ∈ {0, 1}. The rest of the proof is clear. 
For d ∈ Dλµ, Wλd∩µ itself is a parabolic subgroup which is decomposed into para-
bolic subgroups
Wλd∩µ =W
00
λd∩µ ×W
11
λd∩µ ×W
01
λd∩µ ×W
10
λd∩µ. (2.2.1)
In this case, the composition ν = λd ∩ µ has the form ν = (ν1, . . . , νm+n) with
νi ∈ Λ(m+ n, µi).
We say that d satisfies the even-odd trivial intersection property if W 01λd∩µ = 1 =
W 10λd∩µ. For λ, µ ∈ Λ(m|n, r), let
D◦λµ = {d ∈ Dλµ |W
d
λ(0)
∩Wµ(1) = 1,W
d
λ(1)
∩Wµ(0) = 1}. (2.2.2)
This set is the super version of the usual Dλµ. For d ∈ D
◦
λµ, if we put Wν(0) =
W d
λ(0)
∩ Wµ(0) ,Wν(1) = W
d
λ(1)
∩ Wµ(1) , ν = (ν
(0)|ν(1)), then Wν = Wν(0) ×Wν(1) . We
have, in general, ν ∈ Λ(m′|n′, r) where m′ = m(m+ n) and n′ = n(m+ n).
The Hecke algebra HR = HR(W ) corresponding to W = Sr is a free R-module
with basis {Tw;w ∈ W} and the multiplication is defined by the rules: for s ∈ S,
TwTs =
{
Tws, if ℓ(ws) > ℓ(w);
(q − q−1)Tw + Tws, otherwise.
(2.2.3)
Note that {Tw = q
ℓ(w)Tw}w∈W is the usual defining basis satisfying relations
TwTs =
{
Tws, if ℓ(ws) > ℓ(w);
(q2 − 1)Tw + q
2Tws, otherwise.
(2.2.4)
If W ′ is a parabolic subgroup ofW , then the R-module
∑
w∈W ′ RTw is a subalgebra
of HR, which is called a parabolic subalgebra of HR, denoted by HW ′. We will use the
abbreviation Hλ instead of HWλ.
Let W ′ be a parabolic subgroup of W and let dW ′ denote the Poincare´ polynomial
of W ′, i.e.,
dW ′ = dW ′(u) =
∑
w∈W ′
uℓ(w).
In particular, the Pioncare´ polynomial of W has the form dW = [[r]]
! := [[1]][[2]] · · · [[r]],
where [[i + 1]] = 1 + u + u2 + · · ·+ ui. For later use in §9 define, for 0 ≤ t ≤ s, the
Gaussian polynomials by [[
t
s
]]
=
[[s]]!
[[t]]![[s− t]]!
.
Thus, dW (q
2) = 0 = [[l]]q2 if r ≥ l, where q is a primitive lth root of 1 with l odd.
For λ = (λ(0) | λ(1)) ∈ Λ(m|n, r), define (see (2.1.1))
xλ(0) =
∑
w∈W
λ(0)
Tw, yλ(1) =
∑
w∈W
λ(1)
(−q2)−ℓ(w)Tw,
where Tw = q
ℓ(w)Tw. We call the module xλ(0)yλ(1)HR a signed q-permutation module
(cf. [7]).
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Definition 2.3. Let TR(m|n, r) =
⊕
λ∈Λ(m|n,r) xλ(0)yλ(1)HR. The algebra
SR(m|n, r) := EndHR(TR(m|n, r))
is called a q-Schur superalgebra over R on which the Z2-graded structure is induced
from the Z2-graded structure on TR(m|n, r) with
TR(m|n, r)i =
⊕
λ∈Λ(m|n,r)
|λ(1)|≡i(mod2)
xλ(0)yλ(1)HR (i = 0, 1).
If R = Z := Z[υ,υ−1], we simply write S(m|n, r), T(m|n, r), etc. for SZ(m|n, r),
TZ(m|n, r), etc.
Note that it is proved in [11] that SR(m|n, r) ∼= S(m|n, r)⊗Z R.
Following [11], define, for λ, µ ∈ Λ(m|n, r) and d ∈ D◦λµ,
TWλdWµ :=
∑
w0w1∈Wµ∩Dν ,
w0∈Wµ(0) ,w1∈Wµ(1)
(−q2)−ℓ(w1)xλ(0)yλ(1)TdTw0Tw1.
There exists HR-homomorphism ψ
d
λµ such that
(xα(0)yα(1)h)ψ
d
µ,λ = δµ,αTWλdWµh, ∀α ∈ Λ(m|n, r), h ∈ HR.
Note that we changed the left hand notation φdλµ used in [11, (5.7.1)] to the right
hand notation ψdµ,λ here for notational simplicity later on.
1
The following result is given in [11, 5.8]. We will provide a different proof below in
§5 by using relative norms.
Lemma 2.4. The set {ψdµλ | λ, µ ∈ Λ(m|n, r), d ∈ D
◦
λµ} forms a R-basis for SR(m|n, r).
Remark 2.5. For m ≤ m′ and n ≤ n′, we may embed Λ(m|n, r) into Λ(m′|n′, r)
by adding zeros at the end of each of the two sequences λ(0) and λ(1) for every λ ∈
Λ(m|n, r). Let ε =
∑
λ∈Λ(m|n,r) ψ
1
λλ. Then S(m|n, r)
∼= εS(m′|n′, r)ε. Thus, we
simply regard S(m|n, r) as a centralizer subalgebra of S(m′|n′, r).
Proposition 2.6 ([11, 7.5,8.1]). Let R = Q(υ).
(1) The non-isomorphic irreducible SR(m|n, r)-modules are indexed by the set
Λ+(r)m|n = {(λ1, λ2, . . .) ∈ Λ
+(r) | λm+1 ≤ n}.
(2) Assume m+n ≥ r. The SR(m|n, r)-HR bimodule structure TR(m|n, r) satisfies
the following double centralizer property
SR(m|n, r) = EndHR(TR(m|n, r)) and HR
∼= EndSR(m|n,r)(TR(m|n, r)).
Moreover, there is a category equivalence
HomHR(−,TR(m|n, r)) : Mod-HR −→ SR(m|n, r)-Mod.
1In this paper, for the Hom spaces HomHλ(M,N) of right Hλ-modules M,N , the right hand
function notation will be used to easily read the induced bimodule structure on the space:
(m)(xfy) = ((m.x)f).y with x, y ∈ Hλ,m ∈M , and f ∈ HomHλ(M,N).
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We now describe SR(m|n, r) in terms of tensor superspaces.
Let VR(m|n) be a free R-module of rank m + n with basis v1, v2, · · · , vm+n. The
parity map, by setting iˆ = 0 if 1 ≤ i ≤ m, and iˆ = 1 otherwise, gives VR(m|n) a
Z2-graded structure: VR(m|n) = V0 ⊕ V1, where V0 is spanned by v1, · · · , vm, and V1
is spanned by vm+1, · · · , vm+n. Thus, VR(m|n) becomes a “superspace”.
Let
I(m|n, r) = {i = (i1, i2, · · · , ir) ∈ N
r | 1 ≤ ij ≤ m+ n, ∀j}.
For each λ = (λ(0) | λ(1)) ∈ Λ(m|n, r), define iλ ∈ I(m|n, r) by
iλ = (1, . . . , 1︸ ︷︷ ︸
λ
(0)
1
, . . . , m, . . . , m︸ ︷︷ ︸
λ
(0)
m
, m+ 1, . . . , m+ 1︸ ︷︷ ︸
λ
(1)
1
. . . , m+ n, . . . , m+ n︸ ︷︷ ︸
λ
(1)
n
).
For convenience, denote vλ := viλ .
The symmetric group W = Sr acts on I(m|n, r) by place permutation. For w ∈
W, i ∈ I(m|n, r)
iw = (iw(1), iw(2), · · · , iw(r)).
For each i ∈ I(m|n, r), define λ ∈ Λ(m|n, r) to be the weight wt(i) of vi be setting
λk = #{k | ij = k, 1 ≤ j ≤ r}, λ
(0) = (λ1, λ2, · · · , λm), λ
(1) = (λm+1, λm+2, · · · , λm+n).
For i = (i1, i2, · · · , ir) ∈ I(m|n, r), let
vi = vi1 ⊗ vi2 ⊗ · · · ⊗ vir = vi1vi2 · · · vir .
Clearly, the set {vi}i∈I(m|n,r) form a basis of VR(m|n)
⊗r.
Following [16], VR(m|n, r)
⊗r is a right HR-module with the following action:
viTsk =

(−1)îk îk+1visk , if ik < ik+1;
qvi, if ik = ik+1 ≤ m;
(−q−1)vi, if ik = ik+1 ≥ m+ 1;
(−1)îk îk+1visk + (q − q
−1)vi, if ik > ik+1.
(2.6.1)
where sk = (k, k + 1).
Note that when n = 0, this action coincides with the action on the usual tensor
space as given in [4, (14.6.4)], commuting with the action of quantum gln.
Definition 2.7. For λ ∈ Λ(m|n, r), d ∈ Dλ, if iλd = (i1, i2, · · · , ir), define
(λ, d)∧ =
r−1∑
k=1
∑
k<l,ik>il
îk îl.
When λ is clear from the context, we write d̂ = (λ, d)∧.
The following relation will be repeatedly used in the sequel.
(−1)d̂(−1)îk îk+1 = (−1)d̂sk for all d ∈ Dλ, sk ∈ S with dsk ∈ Dλ. (2.7.1)
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Lemma 2.8 ([11, 8.3, 8.4]). The right HR-module VR(m|n)
⊗r is isomorphic to the
HR-module TR(m|n, r) defined in Definition 2.3 under the map:
f : VR(m|n)
⊗r −→
⊕
λ∈Λ(m|n,r)
xλ(0)yλ(1)HR, (−1)
dˆviλd 7−→ xλ(0)yλ(1)Td.
This isomorphism induces a superalgebra isomorphism
SR(m|n, r) ∼= EndHR(VR(m|n)
⊗r),
sending g ∈ SR(m|n, r) to fgf
−1 for all g ∈ SR(m|n, r).
Proof. The action on a signed q-permutation module is given by
xλ(0)yλ(1)TdTsk =

xλ(0)yλ(1)Tdsk , if dsk ∈ Dλ;
qxλ(0)yλ(1)Td, if dsk = sld, sl ∈ Wλ(0) ;
−q−1xλ(0)yλ(1)Td, if dsk = sld, sl ∈ Wλ(1) ;
xλ(0)yλ(1)Tdsk + (q − q
−1)xλ(0)yλ(1)Td, if dsk < d.
(2.8.1)
Now, the relation (−1)dˆ(−1)îk îk+1 = (−1)d̂sk implies that f is a right HR-module
homomorphism. 
From now on, we will identify SR(m|n, r) with EndHR(VR(m|n)
⊗r).
3. Relative norms: the first properties
In 1977, P. Hoefsmit and L. Scott introduced the notion of relative norms, which
is the q-analogue of relative traces in group representations (see, e.g., [15]) and use it
to investigate the representation theory of Hecke algebras. The following material is
taken from their unpublished manuscript. A proof can now be found in [14].
Definition 3.1. (1) Let λ, µ be the compositions of r such that Wλ ≤ Wµ. Let M
be an Hµ-Hµ-bimodule and b ∈M . Define the relative norm
NWµ,Wλ(b) =
∑
w∈Dλ∩Wµ
Tw−1bTw.
(2) For an Hλ-Hλ-bimodule M , we define
ZM(Hλ) = {m ∈ M | hm = mh, ∀h ∈ Hλ}.
It is easy to see that ZHλ(Hλ) is the center of Hλ and, for M = HomR(N,N)
where N is a right Hλ-module, ZM(Hλ) = HomHλ(N,N). In particular, if M =
EndR(VR(m|n)
⊗r), then ZM(HR) = SR(m|n, r).
We first list some properties of relative norms.
Lemma 3.2. LetM be anHR-HR-bimodule and letWλ andWµ be parabolic subgroups
of W .
(a) (Transitivity) If Wµ ≤Wλ and b ∈M , then
NW,Wµ(NWµ,Wλ(b)) = NW,Wλ(b).
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(b) NW,Wλ(ZM(Hλ)) ⊆ ZM(HR).
Next, we list the q-analogues of four useful results known as Mackey decompsition,
Frobenius reciprocity, Nakayama relation, and Higman criterion for relative projec-
tivity. See [15] or [12] for their classical version for groups.
Lemma 3.3 (Mackey decomposition). If N is an HR-Hλ-bimodule, then
(N ⊗Hλ HR)|Hµ
∼=
⊕
d∈Dλµ
(N ⊗Hλ Td)⊗Hν Hµ,
where ν is defined by Wν = W
d
λ ∩ Wµ for all d ∈ Dλµ. In particular, if M is an
HR-HR-bimodule and b ∈ ZM(Hλ), then
NW,Wλ(b) =
∑
d∈Dλµ
NWµ,Wλd∩µ(Td−1bTd).
The Frobenius reciprocity simply follows from the fact that induction is a left
adjoint functor to restriction.
Lemma 3.4 (Frobenius reciprocity). Let M by an HR-module and N be an Hµ-
module. Then there is an R-module isomorphism
ϕ : HomHµ(N,M |Hµ)
∼
−→ HomHR(N ⊗Hµ HR,M).
In particular, for λ, µ ∈ Λ(m|n, r) and tensors vν = viν ∈ VR(m|n)
⊗r (ν = λ or µ),
the R-module isomorphism
ϕ : HomHµ(Rvµ, vλHR) −→ HomHR(vµHR, vλHR)
induced from the Frobenius reciprocity is the restriction of the relative norm map
NW,Wµ(−), and so
NW,Wµ(HomHµ(Rvµ, vλHR)) = HomHR(vµHR, vλHR).
The proof of the last assertion is almost identical to that in [8, Lem. 2.5] and is
omitted.
Lemma 3.5 (Nakayama relation). Let M be an HR-HR-bimodule. If N is an HR-
Hλ-submodule of M such that M ∼= N ⊗Hλ HR. Then
ZM(HR) = NW,Wλ(ZN(Hλ)).
Moreover, if Wµ = W
d
λ for some d ∈ Dλµ, then there exists an HR-Hµ-submodule
N ′ ∼= N ⊗Hλ Td of M such that
NW,Wλ(ZN(Hλ)) = NW,Wµ(ZN ′(Hµ)).
If X is an HR-module, Y is an Hλ-module,
M = HomR(X, Y ⊗Hλ HR), and N = Hom(XHλ , Y ),
then the usual Nakayama relation (see, e.g., [6, 2.6]) now becomes
NW,Wλ(HomHλ(X|Hλ, Y )) = HomHR(X, Y ⊗Hλ HR).
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Definition 3.6. A right HR-module M is projective relative to Hλ or simply Hλ-
projective if for every pair of right HR-modules M
′,M ′′ the exact sequence
0→ M ′ → M ′′ →M → 0
split provided it is a split exact sequence as Hλ-modules.
In the following result, the notation X | Y means that X is isomorphic to a direct
summand of Y .
Lemma 3.7 (Higman criterion). Let M be a right HR-module. Then the following
are equivalent:
(a) M is Hλ-projective;
(b) M |M ⊗Hλ HR;
(c) M | U ⊗Hλ HR for some right Hλ-module U ;
(d) NW,Wλ(HomHλ(M,M)) = HomHR(M,M).
Let M be a finitely generated indecomposable right HR-module. Then by [14,
3.35], there exists a parabolic subgroup Wλ of W unique up to conjugation such that
M is Hλ-projective and such that Wλ is W -conjugate to a parabolic subgroup of any
parabolic subgroup Wµ of W for which M is Hµ-projective. We call Wλ a vertex of
M which is unique up to conjugation.
This notion is a generalisation of the vertex theory in the representation theory of
finite groups. Motivated from the fact that a vertex must be a p-subgroup, we need
the notion of l-parabolic subgroups. Let l be a positive odd number and l ≤ r. A
parabolic subgroup Wλ is called l-parabolic if all parts of λ are 0, 1, or l.
Write r = sl + t with 0 ≤ t < l and let P(r) be the parabolic subgroup of W = Sr
associated with the composition (ls, 1t). This is called in [8] ‘the’ maximal l-parabolic
subgroup ofW . For any composition λ = (λ1, . . . , λa) of r, let the maximal l-parabolic
subgroup of Wλ be the parabolic subgroup
2
Pλ = P(λ1) × · · · × P(λa). (3.7.1)
A maximal l-parabolic subgroup of Wλ is a parabolic subgroup P of Wλ such that
P =Wλ Pλ (meaning P
x := x−1Px = Pλ for some x ∈ Wλ).
Let Φl = Φl(u) denote the lth cyclotomic polynomial. The Pioncare´ polynomial of
an l-parabolic subgroup Wλ has the form dWλ = (dl)
s, where s is the number of parts
l in λ and
dl =
l−1∏
i=1
(1 + u+ u2 + · · ·+ ui).
Here are a few simple facts.
2The l-parabolic subgroups play a role similar to p-subgroups in group representation theory. So
the notation P for an l-parabolic subgroup indicates this similarity.
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Lemma 3.8 ([8, 1.1,1.2]). Let λ be a composition of r and x ∈ W . Then
(a) If W xλ is parabolic, then dW xλ = dWλ,
(b) Φl ∤ (dWλ/dPλ).
(c) Let Wλ,Wµ,Wθ be parabolic subgroups of W such that
Wθ ≤W
x
µ ,Wµ ≤W
y
λ
where W xµ ,W
y
λ are parabolic and x, y ∈ W . Assume dPθ 6= dPλ. Then Φl | (dWλ/dWθ).
The following result is a q-analogue of the fact for group representations that a
vertex must be a p-group and will be repeatedly used later on.
Lemma 3.9 ([10, Th. 3.1]). Let F be a field of characteristic 0 in which q is a
primitive lth root of 1 (with l odd). If M is an indecomposable HF -module, then the
vertex of M is an l-parabolic subgroup.,
We will describe the vertices of indecomposable direct summand of the HF -module
VF (m|n)
⊗r in §10 in terms of the defect group of the corresponding primitive idem-
potent and apply this to classify all simple SF (m|n, r)-modules when m+ n ≥ r.
4. Some vanishing properties of relative norms on VR(m|n)
⊗r
As seen from the remarks right after Definition 3.1, the q-Schur superalgebra
SR(m|n, r) = ZM(HR) where M = EndR(VR(m|n)
⊗r). Thus, by Lemma 3.2(b),
we can construct elements in SR(m|n, r) by applying relative norms to the matrix
units in M . We first show in this section that some of these elements are simply the
0 transformation. We will construct a basis from this type of elements in the next
section.
For i, j ∈ I(m|n, r), we define ei,j ∈ EndR(VR(m|n)
⊗r) to be the linear map
(vi′)ei,j =
{
vj , if i
′ = i,
0, otherwise.
(4.0.1)
If (i, j) = (iµ, iλd) with d ∈ Dλµ, we use the abbreviation eµ,λd instead of eiµ,iλd. The
following result is obvious from the definition, but will be useful later on.
Lemma 4.1. For b ∈ VR(m|n)
⊗r =
⊕
λ∈Λ(m|n,r) vλHR, if the projection of b on vµHR
is 0 for some µ ∈ Λ(m|n, r), then (b)NW,Wλd∩µ(f) = 0 for all λ ∈ Λ(m|n, r), d ∈ D
◦
λµ,
and f ∈ HomHλd∩µ(vµHR, vλHR), extended (by sending other vνHR to 0 for all ν 6= µ)
to an element in EndHλd∩µ(VR(m|n)
⊗r). Moreover, NW,Wµ(eµ,µ) is the identity map
on vµHR and 0 elsewhere.
Proof. By (2.6.1), viHR = span{viw | w ∈ W} for any i ∈ I(m|n, r). Hence, if the
projection of b on vµHR is 0, then (b)NW,Wλd∩µ(f) = 0.
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Note that if x ∈ Dµ and x 6= 1, then x
−1 /∈ Wµ. Hence
(vµ)NW,Wµ(eµµ) = (vµ)
∑
w∈Dµ
Tw−1eµµTw
= (vµ)
∑
w∈Dµ∩Wµ
Tw−1eµµTw = vµ.
Hence, NW,Wµ(eµµ) is the identity on vµHR. By the proof above, it is 0 elsewhere. 
The place permutation action of W on I(m|n, r) induces an action on I(m|n, r)2:
(i, j)w = (iw, jw) for all i, j ∈ I(m|n, r) and w ∈ W . Clearly, if i = iλd and j = iµd
′
for some d ∈ Dλ and d
′ ∈ Dµ, then
StabW (i, j) := {w ∈ W | (i, j)w = (i, j)} = W
d
λ ∩W
d′
µ .
The following result is a super version of [8, Lem. 2.2].
Lemma 4.2. Let i = iλd and j = iµd
′, where d ∈ Dλ and d
′ ∈ Dµ, and let s ∈
W ijλd∩µd′ ∩ S, where i, j ∈ {0, 1}. Then Tsei,j = ei,jTs if and only if (i, j) = (0, 0) or
(1, 1).
Proof. Suppose s = (a, a+1). Since is = i and js = j, by the definition of the action
(2.6.1), (vi′)Tsei,j 6= 0 if and only if i
′ = i or i′ = is, or equivalently, i′ = i. Now,
write s = d−1s′d or d′−1s′′d′ for some s′ ∈ Wλ ∩ S or s
′′ ∈ Wµ ∩ S. If (i, j) = (0, 0),
then s′ ∈ Wλ(0) , s
′′ ∈ Wµ(0) , and
(vi)Tsei,j = (−1)
d̂viλTdTsei,j = (−1)
d̂viλTs′Tdei,j = qvj = vjTs = (vi)ei,jTs.
Similarly, if (i, j) = (1, 1), then s′ ∈ Wλ(1) , s
′′ ∈ Wµ(1) , and
(vi)Tsei,j = (−q
−1)vj = vjTs = (vi)ei,jTs.
However, if (i, j) = (0, 1), then s′ ∈ Wλ(0) , s
′′ ∈ Wµ(1) and
(vi)Tsei,j = qvj and (vi)ei,jTs = −q
−1vj .
Hence, Tsei,j 6= ei,jTs. The proof for the (1,0) case is similar. 
Corollary 4.3. Let λ, µ ∈ Λ(m|n, r), d ∈ Dλµ, and Wν = W
d
λ ∩Wµ.
(1) If d ∈ D◦λµ, then eµ,λd ∈ EndHν (VR(m|n)
⊗r). In particular, we have
NW,Wν(eµ,λd) ∈ EndHR(VR(m|n, r)
⊗r).
(2) If d ∈ Dλµ \ D
◦
λµ, then eµ,λd /∈ EndHν (VR(m|n)
⊗r).
Proof. If d ∈ D◦λµ, we have W
d
λ ∩Wµ = Wν = Wν(0) ×Wν(1) where Wν(0) = W
d
λ(0)
∩
Wµ(0) ,Wν(1) = W
d
λ(1)
∩Wµ(1) . By the lemma above, for w = w0w1 ∈ Wν with wi ∈ Wν(i) ,
(vµTw)eµ,λd = q
ℓ(w0)(−q−1)ℓ(w1)(vµ)eµ,λd
= viλdTw0Tw1
= (vµ)eµ,λdTw0Tw1 .
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Hence, Tweµ,λd = eµ,λdTw, proving eµ,λd ∈ EndHν (VR(m|n)
⊗r). The last assertion in
(1) follows from Lemma 3.2(b).
If d ∈ Dλµ\D
◦
λµ, by definition of D
◦
λµ, we have
W d
λ(0)
∩Wµ(1) 6= 1 or W
d
λ(1)
∩Wµ(0) 6= 1.
Hence, by the lemma above, there exists s ∈ Wν such that Tsei,j 6= ei,jTs. 
The following vanishing property is somewhat surprising. Recall the notation in-
troduced in (2.0.1).
Theorem 4.4. For λ, µ ∈ Λ(m|n, r) and d ∈ Dλµ \ D
◦
λµ, if a parabolic subgroup
Wη ≤W
00
λd∩µ ×W
11
λd∩µ, then NW,Wη(eµ,λd) = 0.
Proof. By the hypothesis and Lemma 4.2, eµ,λd ∈ EndHη(VR(m|n)
⊗r). Hence, by
Lemma 3.2(b), NW,Wη(eµ,λd) ∈ EndHR(VR(m|n)
⊗r). From the definition of eµ,λd, it is
enough by Lemma 4.1 to consider the action of NW,Wη(eµ,λd) on vµ. Thus, we have
(vµ)NW,Wη(eµ,λd) = (vµ)
∑
w∈Dη
Tw−1eµ,λdTw
=
∑
w0w1∈Dη∩(Wµ(0)×Wµ(1) )
(vµ)T(w0w1)−1eµ,λdTw0w1
=
∑
w0w1∈Dη∩(Wµ(0)×Wµ(1) )
qℓ(w0)(−q−1)ℓ(w1)viλdTw0w1
Since d ∈ Dλµ \ D
◦
λµ, we have
Wν := W
d
λ ∩Wµ = W
00
ν ×W
01
ν ×W
10
ν ×W
11
ν ,
where W ijν = W
d
λ(i)
∩ Wµ(j) , for all i, j = 0, 1, and Wµ = Wν(Dν ∩ Wµ). For w0 ∈
Dη ∩ Wµ(0) , there exist x0x1 ∈ (Dη ∩ W
00
ν ) × W
10
ν and d0 ∈ Dν ∩ Wµ(0) such that
w0 = x0x1d0. For w1 ∈ Wµ(1) , there are y0y1 ∈ W
01
ν × (Dη ∩W
11
ν ) and d1 ∈ Dν ∩Wµ(1)
such that w1 = y0y1d1. Therefore, w0w1 = x0x1y0y1d0d1 and ℓ(w0w1) = ℓ(x0) +
ℓ(x1) + ℓ(y0) + ℓ(y1) + ℓ(d0) + ℓ(d1). Consequently, we have
(vµ)NW,Wη(eµ,λd)
=
∑
x0x1∈(Dη∩W 00ν )×W
10
ν
y0y1∈W 01ν ×(Dη∩W
11
ν )
d0∈Dν(d)∩Wµ(0) ,d1∈Dν(d)∩Wµ(1)
qℓ(x0x1d0)(−q−1)ℓ(y0y1d1)viλdTx0x1Ty0y1Td0Td1
=
∑
x0x1∈(Dη∩W 00ν )×W
10
ν
y0y1∈W 01ν ×(Dη∩W
11
ν )
d0∈Dν(d)∩Wµ(0) ,d1∈Dν(d)∩Wµ(1)
(−1)d̂d0d1−d̂(−1)ℓ(x1)+ℓ(y0)q2ℓ(x0)−2ℓ(y1)viλdd0d1
=
∑
d0∈Dν(d)∩Wµ(0) ,
d1∈Dν(d)∩Wµ(1)
(−1)d̂d0d1−d̂
∑
x0∈Dη∩W 00ν
y1∈Dη∩W 11ν
q2ℓ(x0)−2ℓ(y1)
∑
x1∈W 10ν
y0∈W 01ν
(−1)ℓ(x1)+ℓ(y0)viλdd0d1 .
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Now, the sum
∑
(x1,y0)∈W 10ν ×W
01
ν
(−1)ℓ(x1)+ℓ(y0) is the value at −1 of a Poincare´ polyno-
mial of a product of symmetric groups. Obviously, it is zero if and only ifW 10ν ×W
01
ν 6=
1. However, the hypothesis d ∈ Dλµ \ D
◦
λµ implies W
10
ν ×W
01
ν 6= 1. Hence, we have
NW,Wη(eµ,λd) = 0. 
Corollary 4.5. For λ, µ ∈ Λ(m|n, r), y ∈ Dλ, ifW
y
λ(0)
∩Wµ(1) 6= 1 orW
y
λ(1)
∩Wµ(0) 6= 1,
then NW,1(eµ,λy) = 0 in SR(m|n, r). If, in addition, a parabolic subgroup Wη is a
subgroup of (W y
λ(0)
∩Wµ(0))× (W
y
λ(1)
∩Wµ(1)), then we have NW,Wη(eµ,λy) = 0.
Proof. For the double coset WλyWµ of W , there is a unique distinguish element
d ∈ Dλµ such that WλyWµ =WλdWµ.
Since WλyWµ = Wλ × {d} × (Dν ∩Wµ) (as sets), there is x ∈ Dν ∩Wµ such that
y = dx where Wν = W
d
λ ∩Wµ.
Without loss of generality, we assume W y
λ(0)
∩ Wµ(1) 6= 1. Since W
y
λ(0)
∩ Wµ(1) =
W dx
λ(0)
∩Wµ(1) = (W
d
λ(0)
∩Wµ(1))
x 6= 1, W d
λ(0)
∩Wµ(1) 6= 1. Thus, d ∈ Dλµ \ D
◦
λµ in this
case.
In order to get the claim, it is enough as above to consider the action of NW,1(eµ,λy)
over vµ. That is,
(vµ)NW,1(eµ,λy)
=
∑
w∈W
(vµTw−1)eµ,λyTw
=
∑
w∈Wµ
(vµTw−1)eµ,λyTw
=
∑
w0w1∈W
µ(0)
×W
µ(1)
(vµT(w0w1)−1)eµ,λyTw0w1
=
∑
w0w1∈Wµ(0)×Wµ(1)
qℓ(w0)(−q−1)ℓ(w1)viλyTw0Tw1
=
∑
w0w1∈Wµ(0)×Wµ(1)
(−1)yˆ−dˆqℓ(w0)(−q−1)ℓ(w1)viλdTxTw0Tw1
= (−1)yˆ−dˆviλdTx
∑
w0w1∈Wµ(0)×Wµ(1)
qℓ(w0)(−q−1)ℓ(w1)Tw0Tw1 .
Since ∑
w0w1∈Wµ(0)×Wµ(1)
qℓ(w0)(−q−1)ℓ(w1)Tw0Tw1 = xµ(0)yµ(1) ,
it follows that
Txxµ(0)yµ(1) = q
−ℓ(x)q2ℓ(x0)(−1)ℓ(x1)xµ(0)yµ(1) = q
ℓ(x0)(−q−1)ℓ(x1)xµ(0)yµ(1) ,
where x = x0x1 with x0 ∈ Wµ(0) and x1 ∈ Wµ(1) (so ℓ(x) = ℓ(x0) + ℓ(x1)). Hence, by
Theorem 4.4,
(vµ)NW,1(eµ,λy) = (−1)
yˆ−dˆqℓ(x0)(−q−1)ℓ(x1)(vµ)NW,1(eµ,λd) = 0,
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proving the first assertion.
For last assertion, the argument does not carry over. However, we first give a proof
for the υ-Schur super algebra S(m|n, r) (i.e., the R = Z case).
By Lemmas 2.2 and 4.2, for any s ∈ S, Tseµ,λy = eµ,λyTs if and only if s ∈
(W y
λ(0)
∩ Wµ(0)) × (W
y
λ(1)
∩ Wµ(1)). Now, if Wη = Wη(0) ×Wη(1) with Wη(i) ≤ W
ii
λy∩µ
(i = 0, 1), then, by Lemma 4.2,
Tzeµ,λy = eµ,λyTz = υ
ℓ(z0)(−υ−1)ℓ(z1)eµ,λy
where z = z0z1 with zi ∈ Wη(i) (i = 0, 1). Thus,
0 = NW,1(eµ,λy) = NW,Wη(NWη,1(eµ,λy))
= dW
η(0)
(u)dW
η(1)
(u−1)NW,Wη(eµ,λy).
Hence, NW,Wη(eµ,λy) = 0 in S(m|n, r). The general case follows from base change,
noting SR(m|n, r) ∼= S(m|n, r)⊗Z R. 
5. Bases for SR(m|n, r) in relative norms
By Lemma 2.8, we will always identify SR(m|n, r) with EndHR(VR(m|n)
⊗r). For
λ, µ ∈ Λ(m|n, r) and d ∈ D◦λµ, let
Ndµλ := NW,Wλd∩µ(eµ,λd).
Then, by Corollary 4.3(1), Ndµλ ∈ SR(m|n, r).
Theorem 5.1. The set
B = {Ndµλ | λ, µ ∈ Λ(m|n, r), d ∈ D
◦
λµ}
forms a basis of the q-Schur superalgebra SR(m|n, r).
Proof. Consider the Hµ-Hµ-bimodule
M = HomR(Rvµ, Rviλd ⊗Hν Hµ),
where d ∈ Dλµ and ν = λd ∩ µ. Now, M contains an Hµ-Hν-submodule N =
HomR(Rvµ, Rviλd) and M
∼= N ⊗Hν Hµ. Thus, by Nakayama relation in Lemma 3.5,
NWµ,Wν(HomHν(Rvµ, Rviλd)) = HomHµ(Rvµ, Rviλd ⊗Hν Hµ).
This together with an application of Mackey decomposition yields
HomHµ(Rvµ, vλHR) =
⊕
d∈Dλµ
HomHµ(Rvµ, Rvλ ⊗ Td ⊗Hν Hµ)
=
⊕
d∈Dλµ
HomHµ(Rvµ, Rviλd ⊗Hν Hµ)
=
⊕
d∈Dλµ
NWµ,Wν(HomHν(Rvµ, Rviλd)).
We claim that, for d ∈ Dλµ \ D
◦
λµ, HomHν(Rvµ, Rviλd) = 0. Indeed, in this case,
there exists w ∈ (W d
λ(0)
∩ Wµ(1)) × (W
d
λ(1)
∩ Wµ(0)) such that ℓ(w) = 1. Assume
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w ∈ W d
λ(0)
∩ Wµ(1) . For f ∈ HomHν (Rvµ, Rviλd), (vµ)f = aviλd for some a ∈ R.
Since (vµTs)f = (vµ)fTs for all s ∈ Wν ∩ S, applying this to s = w yields aqviλd =
a(−q−1)viλd. Because R is a domain and q 6= (−q
−1), a = 0 and f = 0.
Thus, by the claim,
HomHµ(Rvµ, vλHR) =
⊕
d∈D◦
λµ
NWµ,Wν(d)(Rvµ, Rviλd).
By applyingNW,Wµ(−) to both sides, Lemma 3.2(a) and Frobenius reciprocity (Lemma
3.4) imply
HomHR(vµHR, vλHR) = NW,Wµ(HomHµ(Rvµ, vλHR))
=
⊕
d∈D◦λµ
NW,Wν(HomHν(Rvµ, Rviλd)).
Therefore, {NW,Wν(eµ,λd) | d ∈ D
◦
µλ} forms a basis of HomHR(vµHR, vλHR). Hence, B
is a basis of SR(m|n, r). 
Now we describe a basis of EndHρ(VR(m|n)
⊗r) for ρ = (ρ1, ρ2, · · · , ρt) |= r, which
will be used in §7 and §10.
For λ, µ ∈ Λ(m|n, r), let d ∈ Dλρ, d
′ ∈ Dµρ, and
Wα =W
d
λ ∩Wρ and Wβ = W
d′
µ ∩Wρ.
Then we have α = (α(0), α(1), · · · , α(t)) and β = (β(0), β(1), · · · , β(t)) where α(i), β(i) ∈
Λ(m|n, ρi) for i = 1, 2, · · · , t. Let
D◦αβ ∩Wρ = {d = d1d2 · · · dt ∈ Dαβ ∩Wρ | di ∈ Wρi ∩ D
◦
α(i)β(i)
, 0 ≤ i ≤ t}.
See Notation 2.1. Since VR(m|n)
⊗r = VR(m|n)
⊗ρ1 ⊗ VR(m|n)
⊗ρ2 ⊗ · · · ⊗ VR(m|n)
⊗ρt ,
then
SR(m|n, ρ) := EndHρ(VR(m|n)
⊗r) ∼= SR(m|n, ρ1)⊗ SR(m|n, ρ2)⊗ · · · ⊗ SR(m|n, ρt).
(5.1.1)
Set
B(λ, µ, d, d′) = {NWρ,W yα∩Wβ(eµd′,λdy) | y ∈ D
◦
αβ ∩Wρ}.
Lemma 5.2. The set B(λ, µ, d, d′) forms a basis for the R-module
HomHρ(viµd′ ⊗Hβ Hρ, viλd ⊗Hα Hρ).
Proof. By Lemmas 3.4, 3.3, and 3.5,
HomHρ(viµd′ ⊗Hβ Hρ,viλd ⊗Hα Hρ) = NWρ,Wβ(HomHβ(viµd′ , viλd ⊗Hα Hρ|Hβ)
= NWρ,Wβ(HomHβ(viµd′ ,
⊕
y∈Dαβ∩Wρ
viλd ⊗ Ty ⊗Hαy∩β Hβ)
=
⊕
y∈Dαβ∩Wρ
NWρ,Wαy∩β(HomHαy∩β(Rviµd′ , Rviλdy)).
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Since, for y ∈ (Dαβ ∩Wρ) \ (D
◦
αβ ∩Wρ), HomHαy∩β(Rviµd′, Rviλdy) = 0, it follows that
HomHρ(viµd′ ⊗Hβ Hρ, viλd ⊗Hα Hρ) =
⊕
y∈D◦
αβ
∩Wρ
NWρ,Wαy∩β(HomHαy∩β(Rviµd′ , Rviλdy)),
Hence, B(λ, µ, d, d′) forms a basis. 
Let
B(ρ) =
⋃
λ,µ∈Λ(m|n,r)
d∈Dλρ,d
′∈Dµρ
B(λ, µ, d, d′).
Theorem 5.3. The set B(ρ) is a basis of SR(m|n, ρ) = EndHρ(VR(m|n)
⊗r).
Proof. By Lemma 2.8 and [14, 2.22], we have
EndHρ(VR(m|n)
⊗r) =
⊕
λ,µ∈Λ(m|n,r)
HomHρ(vµHR, vλHR)
=
⊕
λ,µ∈Λ(m|n,r)
d∈Dλρ,d
′∈Dµρ
HomHρ(viµd′ ⊗Hβ Hρ, viλd ⊗Hα Hρ)
The theorem follows from the above lemma. 
However, by (5.1.1), we may use the bases for SR(m|n, ρi) described in Theorem
5.1 to describe a basis for SR(m|n, ρ). We now show that this basis coincides with
the basis above.
Let
~Λ(m|n, ρ) = Λ(m|n, ρ1)× · · · × Λ(m|n, ρt). (5.3.1)
Then, for ~λ ∈ ~Λ(m|n, ρ), there exist λ(i) ∈ Λ(m|n, ρi) such that ~λ = (λ(1), . . . , λ(t)).
Let W~λ be the corresponding parabolic subgroup of Wρ and, for
~λ, ~µ ∈ ~Λ(m|n, ρ),
define the set D~λ~µ;ρ of distinguished double coset representatives by
D◦~λ~µ;ρ = {d ∈ D~λ~µ | d = d1 · · · dt, di ∈ Wρi ∩ D
◦
λ(i)µ(i)
, 1 ≤ i ≤ t} ⊆Wρ. (5.3.2)
Here, again, see Notation 2.1 for the notational convention. Putting
Nd
~µ~λ
=
t⊗
i=1
N
Wρi ,W
di
λ(i)
∩Wµ(i)
(eµ(i),λ(i)di),
then the set {Nd
~µ~λ
| ~λ, ~µ ∈ ~Λ(m|n, ρ), d ∈ D◦~λ~µ;ρ} forms a basis of SR(m|n, ρ).
If we define the multi-index i~µ ∈ I(m|n, r) in an obvious way so that
v~µ = vi~µ = vµ(1) ⊗ vµ(2) ⊗ · · · ⊗ vµ(t) ∈ VR(m|n)
⊗r
and set e
~µ,~λd
to be the R-linear map by sending v~µ to vi~λd and the other basis vectors
of VR(m|n)
⊗r to 0, then we may simply write Nd
~µ~λ
= NWρ,W d~λ∩W~µ
(e
~µ,~λd
). Here we
regard ~ν as a composition of r by concatenation so that W~ν is well defined.
The coincidence of this basis and the one in Theorem 5.3 can be seen as follows.
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For ~λ = (λ(1), . . . , λ(t)) ∈ ~Λ(m|n, ρ), let λ = λ(1) + · · · + λ(t) ∈ Λ(m|n, r). Then
there is a unique x ∈ Dλρ such that W~λ = W
x
λ ∩Wρ. Similarly, for ~µ ∈
~Λ(m|n, ρ),
there is a unique y ∈ Dµρ such that W~µ =W
y
µ ∩Wρ. Thus, for any z ∈ D
◦
~λ~µ;ρ
, putting
Wxyz = (W
x
λ ∩Wρ)
z ∩ (W yµ ∩Wρ), we have
NWρ,W d~λ∩W~µ
(e~µ,~λz) = N
z
~µ~λ
= NWρ,Wxyz(eµy,λxz). (5.3.3)
We end this section with a comparison of the basis given in Theorem 5.1 and the
one in Lemma 2.4.
Theorem 5.4. If we identify TR(m|n, r) =
⊕
λ∈Λ(m|n,r) xλ(0)yλ(1)HR with VR(m|n)
⊗r
by the isomorphism f given in Lemma 2.8, then, for any λ, µ ∈ Λ(m|n, r), d ∈ D◦λµ,
and ν = λd ∩ µ,
NW,Wν(eµ,λd) = (q
−1)ℓ(d)(−1)dˆψdµλ. (5.4.1)
Proof. We need to prove that fψdµλf
−1 equals the right hand side. Since f is an HR-
module isomorphism, it is enough to consider the actions on vµ. We have on the one
hand,
(vµ)fψ
d
µλf
−1 = (xµ(0)yµ(1))ψ
d
µλf
−1
= (TWλdWµ)f
−1
= (
∑
w0w1∈(Wµ(0)×Wµ(1) )∩Dν
(−q2)−ℓ(w1)xµ(0)yµ(1)TdTw0Tw1)f
−1
= (qℓ(d)
∑
w0w1∈(Wµ(0)×Wµ(1) )∩Dν
qℓ(w0)(−q−1)ℓ(w1)xµ(0)yµ(1)Tdw0w1)f
−1
= qℓ(d)
∑
w0w1∈(W
µ(0)
×W
µ(1)
)∩Dν
(−1)d̂w0w1qℓ(w0)(−q−1)ℓ(w1)viλdw0w1.
On the other hand,
(vµ)NW,Wν(eµ,λd) = (vµ)
∑
w∈Dν
Tw−1eµ,λdTw
=
∑
w0w1∈(W
µ(0)
×W
µ(1)
)∩Dν
(vµTw−10 Tw
−1
1
)eµ,λdTw0Tw1
=
∑
w0w1∈(Wµ(0)×Wµ(1))∩Dν
qℓ(w0)(−q−1)ℓ(w1)viλdTw0Tw1
= (−1)d̂
∑
w0w1∈(W
µ(0)
×W
µ(1)
)∩Dν
(−1)d̂w0w1qℓ(w0)(−q−1)ℓ(w1)viλdw0w1.
Therefore, (5.4.1) follows. 
In particular, by Theorem 5.1, the set
{ψdµλ | λ, µ ∈ Λ(m|n, r), d ∈ D
◦
λµ}
forms a basis for SR(m|n, r), proving Lemma 2.4.
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6. A filtration of ideals of SR(m|n, r)
The purpose of this section is to construct a filtration of ideals of SR(m|n, r) labelled
by l-parabolic subgroups. The existence of the filtration is based on a nice property
of the structure constants associated with the defect groups of the relative norm basis
elements in B (see Theorem 6.5). We need certain technical results Lemmas 6.2–6.4
for the proof of the theorem.
Lemma 6.1. Let λ, µ ∈ Λ(m|n, r) and d ∈ D◦λµ. Then
(−1)dˆNW,W d
λ
∩Wµ(eµ,λd) = (−1)
d̂−1N
W,Wλ∩W d
−1
µ
(eµd−1,λ).
Note by Definition 2.7 that d̂ = (λ, d)∧ while d̂−1 = (µ, d−1)∧.
Proof. Let Wν = W
d
λ ∩Wµ and Wν′ = Wλ ∩W
d−1
µ . By Lemma 4.1, it is sufficient to
check that
(−1)dˆ(vµ)NW,W d
λ
∩Wµ(eµ,λd) = (−1)
d̂−1(vµ)NW,Wλ∩W d−1µ (eµd
−1,λ).
Now,
LHS = (−1)dˆ
∑
w∈Dν∩Wµ
(vµTx−1)eµ,λdTx
= (−1)dˆ
∑
x0x1∈Dν∩(Wµ(0)×Wµ(1))
(vµTx−10 Tx
−1
1
)eµ,λdTx0Tx1
= (−1)dˆ
∑
x0x1∈Dν∩(Wµ(0)×Wµ(1))
qℓ(x0)(−q−1)ℓ(x1)viλdTx0Tx1
= (−1)dˆ
∑
x0x1∈Dν∩(Wµ(0)×Wµ(1))
(−1)d̂x0x1−dˆqℓ(x0)(−q−1)ℓ(x1)viλdx0x1
=
∑
x0x1∈Dν∩(Wµ(0)×Wµ(1))
(−1)d̂x0x1qℓ(x0)(−q−1)ℓ(x1)viλdx0x1.
By [8, 3.1], Dν′ ∩ dWµ = d(Dν ∩Wµ). Thus,
RHS = (−1)d̂
−1
∑
y∈d(Dν∩Wµ)
(vµTy−1)eµd−1,λTy
= (−1)d̂
−1
∑
dy0y1∈d(Dν∩(Wµ(0)×Wµ(1) ))
(vµTy−10 Ty
−1
1
Td−1)eµd−1,λTdTy0Ty1
= (−1)d̂
−1
∑
dy0y1∈d(Dν∩(Wµ(0)×Wµ(1) ))
qℓ(y0)(−q−1)ℓ(y1)(−1)d̂
−1
vλTdy0y1
= (−1)d̂
−1
∑
y0y1∈Dν∩(Wµ(0)×Wµ(1))
qℓ(y0)(−q−1)ℓ(y1)(−1)d̂
−1
(−1)d̂y0y1viλdy0y1
=
∑
y0y1∈Dν∩(W
µ(0)
×W
µ(1)
)
qℓ(y0)(−q−1)ℓ(y1)(−1)d̂y0y1viλdy0y1.
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So LHS=RHS, proving the lemma. 
For the next three lemmas, we fix the following notations:
ρ, λ, µ ∈Λ(m|n, r), d′ ∈ Dρλ, d ∈ Dλµ, and y ∈ Dρµ, and define ν, ν
′, τ by
Wν = W
d
λ ∩Wµ, Wν′ =Wρ ∩W
d′−1
λ , and Wτ =W
y
ρ ∩Wµ.
(6.1.1)
Then, ν, ν ′ ∈ Λ(m′|n′, r) for some m′ ≥ m,n′ ≥ n; see remarks right after (2.2.2).
Lemma 6.2. If d ∈ D◦λµ, d
′ ∈ D◦ρλ, and y ∈ D
◦
ρµ, then
WρyWµ ∩ Dν′ν = {hyk | yk ∈ D
◦
ρν , k ∈ D
◦
τν ∩Wµ, h ∈ Dν′ ∩Wρ}
and it is a subset of D◦ν′ν.
Proof. Since y ∈ Dρµ, by [8, 3.2], we have
WρyWµ ∩ Dν′ν = {hyk | yk ∈ Dρν , k ∈ Dτν ∩Wµ, h ∈ Dν′ ∩Wρ}. (6.2.1)
Since y ∈ D◦ρµ, d ∈ D
◦
λµ, by definition,
W y
ρ(0)
∩Wµ(1) = 1, W
y
ρ(1)
∩Wµ(0) = 1,
Wν(0) =W
d
λ(0)
∩Wµ(0) , and Wν(1) = W
d
λ(1)
∩Wµ(1) .
Thus, noting that k ∈ Wµ implies W
k
µ(1)
=Wµ(1) ,
W yk
ρ(0)
∩Wν(1) = W
yk
ρ(0)
∩ (W d
λ(1)
∩Wµ(1)) = (W
y
ρ(0)
∩Wµ(1))
k ∩W d
λ(1)
= 1.
Similarly, one shows W yk
ρ(1)
∩Wν(0) = 1. Hence, yk ∈ D
◦
ρν .
To see k ∈ D◦τν ∩Wµ, we have
W k
τ (0)
∩Wν(1) = (W
y
ρ(0)
∩Wµ(0))
k ∩W d
λ(1)
∩Wµ(1) =W
yk
ρ(0)
∩Wµ(0) ∩W
d
λ(1)
∩Wµ(1) = 1
since W yk
ρ(0)
∩ Wµ(1) = 1. By a similar proof, we obtain W
k
τ (1)
∩ Wν(0) = 1, proving
k ∈ D◦τν .
Finally, we prove WρyWµ ∩ Dν′ν ⊆ D
◦
ν′ν . For hyk ∈ WρyWµ ∩ Dν′ν , we have
W hyk
ν′(0)
∩Wν(1) = (Wρ(0) ∩W
d′−1
λ(0)
)hyk ∩W d
λ(1)
∩Wµ(1) =W
hyk
ρ(0)
∩W d
′−1hyk
λ(0)
∩W d
λ(1)
∩Wµ(1) .
Since h ∈ Dν′∩Wρ,W
hyk
ρ(0)
=W yk
ρ(0)
. Since k ∈ Wµ,W
hyk
ρ(0)
∩Wµ(1) = (W
y
ρ(0)
∩Wµ(1))
k. Now
W y
ρ(0)
∩Wµ(1) = 1, implies W
hyk
ν′(0)
∩Wν(1) = 1. Similarly, one proves W
hyk
ν′(1)
∩Wν(0) = 1.
Hence, hyk ∈ D◦ν′ν . 
The following is the super version of a modified [8, Lem. 3.3].
Lemma 6.3. Let ρ, µ ∈ Λ(m|n, r) and let Wα be a parabolic subgroup of Wµ. For
y ∈ D◦ρµ and k ∈ Dρy∩µ∩Wµ∩D
−1
α , letWθ = W
yk
ρ ∩Wα andWθ′ =W
y
ρ ∩W
k−1
α = W
k−1
θ .
Then there exists c ∈ R such that
NW,Wθ(eµ,ρyk) = cNW,Wθ′ (eµ,ρy)
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Proof. Let z = yk and τ = ρy ∩ µ. The hypothesis y ∈ D◦ρµ and Wα ≤ Wµ implies
yk ∈ D◦ρα. Hence,Wθ is parabolic. Since k ∈ Dτα∩Wµ, it follow thatWθ′ =W
k−1
α ∩Wτ
is parabolic. Moreover, both Wθ and Wθ′ are parabolic subgroups of (parabolic)
W yρ ∩Wµ and of (possibly non-parabolic) W
z
ρ ∩Wµ. By the transitivity of relative
norm Lemma 3.2(a), it is enough to show that, for some c ∈ R,
NWµ,Wθ(eµ,ρz) = cNWµ,Wθ′ (eµ,ρy).
Now consider the Hµ-Hµ-bimodule
M = HomR(Rvµ, Rviρy ⊗Hθ′ Hµ).
It is clear that there exists an Hµ-Hθ′-bimodule N = HomR(Rvµ, Rviρy) and an Hµ-
Hθ-bimodule N
′ = HomR(Rvµ, Rviρz) such thatM
∼= N⊗Hθ′Hµ andM
∼= N ′⊗HθHµ
as Hµ-Hµ-bimodules. Applying Lemma 3.5 yields
NWµ,Wθ′(HomHθ′ (Rvµ, Rviρy)) = ZM(Hµ) = NWµ,Wθ(HomHθ(Rvµ, Rviρz)).
Hence, there exists c ∈ R such that NW,Wθ(eµ,ρz) = NW,Wθ′ (ceµ,ρy). 
Note that, in the applications below of this lemma, we will take Wα = Wν as
defined in (6.1.1) or Wα = 1.
Lemma 6.4. Maintain the notations in (6.1.1) and Lemma 6.2. For hyk ∈ D◦ν′ν, let
Wξ =W
yk
ρ ∩Wν ≤W
k
τ , Wη =W
hyk
ν′ ∩Wν ≤Wξ,
f(u) =
dW
τ(0)
(u)dW
τ(1)
(u−1)
dW
ξ(0)
(u)dW
ξ(1)
(u−1)
, and g(u) =
dW
ξ(0)
(u)dW
ξ(1)
(u−1)
dW
η(0)
(u)dW
η(1)
(u−1)
.
Then
N
W,W
hyk
ν′
∩Wν
(eµ,ρyk) = cf(q
2)g(q2)NW,W yρ ∩Wµ(eµ,ρy)
for some c ∈ R. Moreover, if q ∈ R is an lth primitive root of 1 with l odd and
Pτ W Pν or Pτ W Pν′, then f(q2)g(q2) = 0.
Proof. By the transitivity of relative norms (Lemma 3.2(a)), we have
N
W,W
hyk
ν′
∩Wν
(eµ,ρyk) = NW,W ykρ ∩Wν(NW ykρ ∩Wν ,Whykν′ ∩Wν
(eµ,ρyk)).
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By Lemma 6.2, Wξ = W
00
ρyk∩ν ×W
11
ρyk∩ν ≤ W
00
ρyk∩µ ×W
11
ρyk∩µ. Thus, we have eµ,ρyk ∈
HomHξ(VR(m|n)
⊗r) by Lemma 4.2. Since
(vµ)NW ykρ ∩Wν ,Whykν′ ∩Wν
(eµ,ρyk) = (vµ)NWξ,Wη(eµ,ρyk)
=
∑
w∈Dη∩Wξ
(vµTw−1)eµ,ρykTw
=
∑
w0w1∈Dη∩(Wξ(0)×Wξ(1) )
(vµTw−10 Tw
−1
1
)eµ,ρykTw0Tw1
=
∑
w0w1∈Dη∩(Wξ(0)×Wξ(1) )
qℓ(w0)(−q−1)ℓ(w1)viρykTw0Tw1
=
∑
w0w1∈Dη∩(Wξ(0)×Wξ(1) )
q2ℓ(w0)(−q−1)2ℓ(w1)viρyk
According to the definition of Poincare´ polynomial, we have
(vµ)NWξ,Wη(eµ,ρyk) =
dW
ξ(0)
(u)dW
ξ(1)
(u−1)
dW
η(0)
(u)dW
η(1)
(u−1)
∣∣∣∣
u=q2
viρyk = g(q
2)viρyk.
So
N
W,W
hyk
ν′
∩Wν
(eµ,ρyk) = g(q
2)N
W,W
yk
ρ ∩Wν
(eµ,ρyk).
By Lemma 6.3, there exists c ∈ R such that
N
W,W
yk
ρ ∩Wν
(eµ,ρyk) = cNW,W yρ ∩W k−1ν (eµ,ρy).
Thus,
N
W,W
hyk
ν′
∩Wν
(eµ,ρyk) = cg(q
2)N
W,W
y
ρ ∩W k
−1
ν
(eµ,ρy). (6.4.1)
By Corollary 4.3, eµ,ρy ∈ HomHτ (VR(m|n)
⊗r). Since W yρ ∩W
k−1
ν ≤ Wτ , we have by
the transitivity of relative norms
N
W,W
y
ρ ∩W k
−1
ν
(eµ,ρy) = NW,Wτ (NWτ ,W yρ ∩W k−1ν (eµ,ρy)).
Since (W ykρ ∩ Wν)
k−1 = W yρ ∩ Wµ ∩ W
k−1
ν = W
k−1
ξ and k ∈ D
◦
τν ∩ Wµ, W
k−1
ξ is a
parabolic subgroup of W . By Lemma 3.8(a), we have d
W
y
ρ ∩W k
−1
ν
= dWξ . Hence,
N
Wτ ,W
y
ρ ∩W k
−1
ν
(eµ,ρy) =
dW
τ(0)
(u)dW
τ(1)
(u−1)
dW
ξ(0)
(u)dW
ξ(1)
(u−1)
∣∣∣∣
u=q2
eµ,ρy = f(q
2)eµ,ρy.
Applying NW,Wτ ( ) to both sides and combining it with (6.4.1) give
N
W,W
hyk
ν′
∩Wν
(eµ,ρyk) = cf(q
2)g(q2)NW,W yρ ∩Wµ(eµ,ρy),
proving the first assertion.
To prove the last assertion, we first assume that Pτ W Pν , equivalently, dPν | dPτ
and dPν 6= dPτ . Since Wξ ≤ Wν , it follows that dP
ξ(0)
| dP
ν(0)
and dP
ξ(1)
| dP
ν(1)
. Thus,
dPν 6= dPτ implies dP
ξ(0)
| dP
τ(0)
and dP
ξ(1)
| dP
τ(1)
, one of which is not equal. This
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implies f(q2) = 0, and hence, f(q2)g(q2) = 0. From the argument, we see that, if
Pξ <W Pτ , then f(q
2) = 0.
We now assume that Pτ ≤W Pν but Pτ W Pν′. As seen above, we may further
assume Pξ = Pτ . Then, dPν′ |dPτ and dPν′ 6= dPτ . Since Wη ≤W Wν′ and Wη ≤ Wξ,
Pξ = Pτ implies that one of the relations dP
η(0)
|dP
ξ(0)
and dP
η(1)
|dP
ξ(1)
is not an equality.
Hence, g(q2) = 0, and hence, f(q2)g(q2) = 0, proving the last assertion. 
Let Ndµλ = NW,Wλd∩µ(eµ,λd) be a standard basis element as described in Theorem
5.1. We define the defect group of Ndµλ to be the maximal l-parabolic subgroup Pλd∩µ
of Wλd∩µ = W
d
λ ∩Wµ. We now have the following result about the coefficients of the
product of two standard basis elements. Recall that R is a domain and q ∈ R is an
l-th primitive root of 1 with l odd.
Theorem 6.5. For basis elements Ndµλ, N
d′
λρ ∈ B of SR(m|n, r), assume that
NdµλN
d′
λρ =
∑
y∈D◦ρµ
ayN
y
µρ
where ay ∈ R. If ay 6= 0, then
Pρy∩µ ≤W Pλd∩µ and Pρy∩µ ≤W Pρd′∩λ.
Proof. We first compute in the υ-Schur superalgebra S(m|n, r) over Z = Z[υ,υ−1].
By 6.1 and Lemma 3.4 and noting ν = λd ∩ µ and ν ′ = λd′−1 ∩ ρ, we have
NdµλN
d′
λρ = (−1)
d̂′(−1)d̂
′−1
NW,Wν(eµ,λd)NW,Wν′ (eλd′−1,ρ)
= (−1)d̂
′+d̂′−1NW,Wν(eµ,λdNW,Wν′ (eλd′−1,ρ))
= (−1)d̂
′+d̂′−1NW,Wν(eµ,λd
∑
x∈Dν′ν
NWν ,W xν′∩Wν(Tx−1eλd′−1,ρTx))
= (−1)d̂
′+d̂′−1
∑
x∈Dν′ν
NW,W x
ν′
∩Wν(eµ,λdTx−1eλd′−1,ρTx)
Now, by [8, 3.2] (or (6.2.1)),
Dν′ν = {hyk | y ∈ Dρλ, yk ∈ Dρν , k ∈ Dτν ∩Wµ, h ∈ Dν′ ∩Wρ}.
For x ∈ Dν′ν there exist y ∈ Dρµ and h, k such that x = hyk and yk ∈ Dρν , h ∈
Dν′ ∩Wρ. By a direct computation, we have for some bx ∈ Z.
eµ,λdTx−1eλd′−1,ρTx = bxeµ,ρyk.
We claim that if bx 6= 0
Tzeµ,ρyk = eµ,ρykTz for all z ∈ W
x
ν′ ∩Wν . (6.5.1)
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Indeed,
bx · (LHS) = Tz(eµ,λdTx−1eλd′−1,ρTx)
= eµ,λdTzTx−1eλd′−1,ρTx (by Lemma 4.3)
= eµ,λdTx−1Tz′eλd′−1,ρTx (z
′ ∈ Wν′ with zx
−1 = x−1z′)
= eµ,λdTx−1eλd′−1,ρTz′Tx
= (eµ,λdTx−1eλd′−1,ρTx)Tz
= bx · (RHS)
Since W xν′ ∩Wν ≤ W
yk
ρ ∩Wν ≤ W
yk
ρ ∩Wµ and Wν(i) = W
ii
λd∩µ ≤ Wµ(i) for i = 0, 1, it
follows that W xν′ ∩Wν =
∏
i,j=0,1W
ij
ν′x∩ν is a product of parabolic subgroups and each
W ijν′x∩ν ≤W
yk
ρ(i)
∩Wµ(j) . Thus, if bx 6= 0, we conclude thatW
x
ν′∩Wν = W
00
ν′x∩ν×W
11
ν′x∩ν ≤
(W yk
ρ(0)
∩Wµ(0)) × (W
yk
ρ(1)
∩Wµ(1)), since any element in W
01
ν′x∩ν ≤ W
yk
ρ(0)
∩Wµ(1) or in
W 10ν′x∩ν ≤W
yk
ρ(1)
∩Wµ(0) does not satisfy (6.5.1); see Lemma 4.2.
Now, if y ∈ Dρµ \ D
◦
ρµ, then W
yk
ρ(0)
∩Wµ(1) = (W
y
ρ(0)
∩Wµ(1))
k 6= 1 or W yk
ρ(1)
∩Wµ(0) =
(W y
ρ(1)
∩ Wµ(0))
k 6= 1. Thus, by Corollary 4.5, NW,W x
ν′
∩Wν(eµ,ρyk) = 0. Thus, for
y ∈ D◦ρµ, if we write by Lemma 6.2
WρyWµ ∩ Dν′ν = {hiykj | 1 ≤ i ≤ my, 1 ≤ j ≤ ny},
then
NdµλN
d′
λρ = (−1)
d̂′+d̂′−1
∑
hyk∈D◦
ν′ν
NW,W x
ν′
∩Wν(bhykeµ,ρyk)
= (−1)d̂
′+d̂′−1
∑
y∈D◦ρµ
∑
i,j
N
W,W
hiykj
ν′
∩Wν
(bhiykjeµ,ρykj ).
By Lemma 6.4, there are Laurent polynomials fy,j(u) associated with ykj and
gi,y,j(u) associated with hiykj such that in S(m|n, r),
NdµλN
d′
λρ = (−1)
d̂′+d̂′−1
∑
y∈D◦ρµ
(
∑
i,j
b′hiykjfy,j(u)gi,y,j(u))NW,W yρ ∩Wµ(eµ,ρy).
We now look at the product in SR(m|n, r) = S(m|n, r) ⊗Z R by specializing υ to
q ∈ R and obtain NdµλN
d′
λρ =
∑
y∈D◦ρµ
ayN
y
µρ in SR(m|n, r), where
ay = (−1)
d̂′+d̂′−1
my∑
i=1
ny∑
j=1
b′i,y,jfy,j(q
2)gi,y,j(q
2).
By Lemma 6.4 again, if Pρy∩µ W Pλd∩µ or Pρy∩µ W Pρd′∩λ, then all fy,j(q2)gi,y,j(q2) =
0. Hence, ay = 0. 
Let P be an l-parabolic subgroup of W . We define
IR(P, r) = span{N
d
µλ | λ, µ ∈ Λ(m|n, r), d ∈ D
◦
λµ, Pλd∩µ ≤W P}. (6.5.2)
We also write IR(P, r) = IR(P, r)m|n if m|n needs to be mentioned. By the above
theorem, we have
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Corollary 6.6. The space IR(P, r) is an ideal of SR(m|n, r).
Let r = sl + t, where 0 ≤ t < l. For each k, 0 ≤ k ≤ s, let Pk be the l-parabolic
subgroup of W associated with the composition (1t+(s−k)l, lk). Then we have a chain
of ideals in SR(m|n, r)
0 ⊆ IR(P0, r) ⊆ IR(P1, r) ⊆ · · · ⊆ IR(Ps, r) = SR(m|n, r). (6.6.1)
In Definition 10.1, we will use the sequence to define the defect group of a primitive
idempotent and discuss the effect of Brauer homomorphisms on the defect groups.
7. Alternative characterisation of the ideals IF (P, r)
For the rest of the paper, we assume that R = F is a field of characteristic 0 and
q ∈ F is a primitive lth root of 1 with l odd.
Lemma 7.1. We have
IF ({1}, r) = NW,1(EndF (VF (m|n)
⊗r)).
Proof. Clearly,
{eµd,λd′ | λ, µ ∈ Λ(m|n, r), d ∈ Dµ, d
′ ∈ Dλ}
is a basis of EndF (VF (m|n)
⊗r). By Lemmas 3.2, 3.3, and 4.1, we have
NW,1(eµ,λd′) = NW,Wµ(eµµ)NW,1(eµd,λd′)
= NW,Wµ(eµµNW,1(eµd,λd′))
= NW,Wµ(eµµ
∑
x∈D−1µ
NWµ,1(Tx−1eµd,λd′Tx))
= NW,Wµ(
∑
x∈D−1µ
NWµ,1(eµµTx−1eµd,λd′Tx))
=
∑
x∈D−1µ ∩d−1Wµ
NW,1(eµµTx−1eµd,λd′Tx)
= NW,1(eµµTdeµd,λd′Td−1).
Write eµµTdeµd,λd′Td−1 =
∑
y∈Dλ
ayeµ,λy where ay ∈ F . Then
NW,1(eµd,λd′) =
∑
y∈Dλ
ayNW,1(eµ,λy).
For y ∈ Dλ, there exists x ∈ Dλµ, k ∈ Dλx∩µ ∩Wµ such that y = xk. By Corollary
4.5, if x ∈ Dλµ \ D
◦
λµ, then NW,1(eµ,λy) = 0. If x ∈ D
◦
λµ, then we apply Lemma 6.3
with Wα = 1 to give, for some c ∈ F ,
NW,1(eµ,λy) = cNW,1(eµ,λx) = cdWλx∩µ(q
2)NW,Wλx∩µ(eµ,λx) ∈ IF ({1}, r),
since dWλx∩µ(q
2) = 0 if Pλx∩µ 6= 1. The result is proved. 
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We now generalise this result to an arbitrary l-parabolic subgroup. For the rest of
the section, fix a non-negative integer k and let
θ = (l, · · · , l︸ ︷︷ ︸
k
, 1, · · · , 1).
Then Wθ =W Pk is an l-parabolic subgroup of W . For λ ∈ Λ(m|n, r), d ∈ Dµθ, if
Wθ ≤ W
d
λ then, by Lemma 2.2,Wθ = (W
d
λ(0)
∩Wθ)×(W
d
λ(1)
∩Wθ), and bothW
d
λ(0)
∩Wθ
and W d
λ(1)
∩Wθ are l-parabolic.
Lemma 7.2. Let θ |= r be given as above. If λ ∈ Λ(m|n, r), d ∈ Dλθ and Wθ ≤ W
d
λ ,
then there exist θ′ ∈ Λ(m′|n′, r) for some m′ ≥ m and n′ ≥ n and w ∈ NW (Wθ)∩Dθθ
such that Wθ′ =Wθ, dw
−1 ∈ D◦λθ, and
eλd,θ′w ∈ EndHθ(VF (m
′|n′)⊗r).
Moreover, NW,Wθ(eλd,θ′w) ∈ IF (Wθ, r)m′|n′.
Proof. Since d ∈ Dλθ and Wθ ≤W
d
λ , by [9, 1.3], we have
iλd = (i1, · · · , i1︸ ︷︷ ︸
l
, i2, · · · , i2︸ ︷︷ ︸
l
, · · · , ik, · · · , ik︸ ︷︷ ︸
l
, j1, · · · , jt).
The sequence (î1, î2, . . . , îk) is called the parity of the k blocks of length l in iλd.
Let a = #{j | îj = 0, 1 ≤ j ≤ k} and b = #{j | îj = 1, 1 ≤ j ≤ k}. We will call a
(resp., b) the number of even (resp., odd) blocks of length l. Then a+ b = k and
iλ(0)d = iλd|[1,m] and iλ(1)d = iλd|[m+1,m+n].
Consider 0-1 sequence (î1, î2, . . . , îk). There is a shortest x ∈ Sk such that
(î1, î2, . . . , îk)x = (0
a, 1b).
Then g = ℓ(x) is the number of inversions in the sequence (see proof of [10, Lem. 1.3]).
Every such inversion îc > îd with c < d determines l
2 inversions in the sequence
ic, · · · , ic︸ ︷︷ ︸
l
, id, · · · , id︸ ︷︷ ︸
l
.
Let θ′(0) = (la) and θ′(1) = (lb, 1t). Then, by adding some 0’s at the end of θ′(i) if
necessary, we may assume θ′ = (θ′(0)|θ′(1)) ∈ Λ(m′|n′, r) for some m′ ≥ m,n′ ≥ n.
Clearly, Wθ = Wθ′. Define w ∈ Dθθ such that
iθ′w = (i
′
1, · · · , i
′
1︸ ︷︷ ︸
l
, i′2, · · · , i
′
2︸ ︷︷ ︸
l
, · · · , i′k, · · · , i
′
k︸ ︷︷ ︸
l
, j′1, · · · , j
′
t)
where î′s = îs for 1 ≤ s ≤ k and (j)w = j for all kl < j ≤ r. Since the first k blocks
in iθ′ contains gl
2 inversion, we have ℓ(w) = gl2 and w ∈ NW (Wθ) ∩ Dθθ. Moreover,
iλdw
−1 = ((i1, · · · , i1, i2, · · · , i2, . . . , ik, · · · , ik)sorted, j1, · · · , jt).
Now the other inversions in iλd is unchanged during this sorting process. We conclude
that ℓ(d) = ℓ(dw−1) + ℓ(w). Hence, dw−1 ∈ Dλθ′.
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Also, since StabW (iλ(0)d, iθ′(0)w) =W Pa and StabW (iλ(1)d, iθ′(1)w) =W Pb, it follows
that W d
λ(0)
∩Ww
θ′(1)
= 1 and W d
λ(1)
∩Ww
θ′(0)
= 1. Hence, dw−1 ∈ D◦λθ′.
By Lemma 4.2, eλd,θ′w ∈ EndHθ(VF (m|n)
⊗r). So the transitivity of relative norms
(Lemma 3.2(a)) gives
NW,Wθ(eλd,θ′w) ∈ EndHF (VF (m
′|n′)⊗r).
The last assertion is clear since NW,Wθ(eλd,θ′w) is a linear combination of basis
elements of the form NW,W x
λ
∩Wθ′
(eλx,θ′) each of which has a defect group ≤W Wθ′ and
hence, is in IF (Wθ, r)m′|n′. 
Corollary 7.3. Let θ = (lk, 1t) be as above. For λ, µ ∈ Λ(m|n, r), d ∈ Dλθ, d
′ ∈ Dµθ,
assume Wθ ≤ (W
d
λ(0)
∩ W d
′
µ(0)
) × (W d
λ(1)
∩ W d
′
µ(1)
). Then there is θ′ ∈ Λ(m′|n′, r) for
some m′ ≥ m,n′ ≥ n and w ∈ Dθθ such that Wθ = Wθ′ and
NW,Wθ(eµd,λd′) = NW,Wθ(eµd′,θ′w)NW,Wθ(eθ′w,λd).
Proof. We first prove that iλd = (i1, · · · , ir) and iµd
′ = (i′1, · · · , i
′
r) have the same
parity sequence for the k blocks of length l. Since Wθ ≤W
00
λd∩µd′×W
11
λd∩µd′ , by Lemma
4.2, Tseµd′,λd = eµd′,λdTs for s = (j, j + 1) ∈ Wθ ∩ S. Applying this equality to viµd′
gives (−1)î
′
jq(−1)
̂i′
j
viλd = (−1)
îjq(−1)
îj
viλd. Hence, îj = î
′
j for 1 ≤ j ≤ kl.
By the proof of Lemma 7.2, there are θ′ ∈ Λ(m′|n′, r) and a common w ∈ NW (Wθ)∩
Dθθ such that eµd′,θ′w, eθ′w,λd ∈ EndHθ(VF (m|n)
⊗r). Then
NW,Wθ(eµd′,θ′w), NW,Wθ(eθ′w,λd) ∈ EndHF (VF (m
′|n′)⊗r).
Also, from the construction of w, we see that StabW (iθ′w) =Wθ′ . Thus, viθ′wTxeθ′w,λd 6=
0 if and only if x ∈ Wθ′. Hence,
NW,Wθ(eµd′,θ′w)NW,Wθ(eθ′w,λd)
= NW,Wθ(eµd′,θ′wNW,Wθ(eθ′w,λd))
= NW,Wθ(eµd′,θ′w
∑
x∈Dθθ
NWθ,W xθ ∩Wθ(Tx−1eθ′w,λdTx))
=
∑
x∈Dθθ∩Wθ′
NW,W x
θ
∩Wθ(eµd′,θ′wTx−1eθ′w,λdTx)
= NW,Wθ(eµd′,λd),
as desired. 
We now establish the main result of this section and leave its application to §10
where we will use this result to compute the vertices of indecomposable summands
of VF (m|n)
⊗r.
Theorem 7.4. Let Wθ =W Pk be the l-parabolic subgroup of W associated with com-
position (lk, 1r−kl). Then
IF (Wθ, r) = NW,Wθ(EndHθ(VF (m|n)
⊗r)).
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Proof. We first show that
NW,Wθ(EndHθ(VF (m|n)
⊗r)) ⊆ IF (Wθ, r).
By 5.3, it is enough to prove that
NW,W yα∩Wβ(eµd′,λdy) ∈ IF (Wθ, r)
for all µ, λ ∈ Λ(m|n, r), d′ ∈ Dµθ, d ∈ Dλθ,Wα = W
d
λ ∩ Wθ,Wβ = W
d′
µ ∩ Wθ, y ∈
D◦αβ ∩Wθ.
As in [8, 4.7], we proceed induction on k.
If k = 0, i.e Wθ = 1,W
y
α ∩Wβ = 1, then the assertion follows from Lemma 7.1.
Assume that Wθ 6= 1. Let Wγ =W
y
α ∩Wβ ≤Wθ.
If the maximal parabolic subgroup Pγ of Wγ is conjugate a proper parabolic sub-
group of Wθ, i.e., Pγ <W Wθ, then, by induction,
NW,Wγ(eµd,λd′y) = f(q
2)−1NW,Pγ(eµd,λd′y) ∈ IF (Pγ, r),
where f(u) =
dW
γ(0)
(u)dW
γ(1)
(u−1)
dP
γ(0)
(u)dP
γ(1)
(u−1)
. Hence, NW,Wγ(eµd,λd′y) ∈ IF (Wθ, r).
Thus, it remains to look at the case where Wγ =Wθ. That is,
Wθ = (W
d
λ ∩Wθ)
y ∩ (W d
′
µ ∩Wθ) = W
dy
λ ∩W
d′
µ ∩Wθ.
This forces that Wα = Wβ = Wθ and y = 1 as y ∈ D
◦
αβ ∩ Wθ. In particular,
Wθ ≤ W
00
λd∩µd′ ×W
11
λd∩µd′ . Hence, by Lemma 7.2 and Corollaries 7.3 and 6.6, there
exist m′ ≥ m,n′ ≥ n, θ′ ∈ Λ(m′|n′, r), and w ∈ Dθθ ∩NW (Wθ) such that
NW,Wθ(eµd′,λd) = NW,Wθ(eµd′,θ′w)NW,Wθ(eθ′w,λd) ∈ εIF (Wθ, r)m′|n′ε,
where ε is defined in Remark 2.5. Hence, by identifying IF (Wθ, r) with εIF (Wθ, r)m′|n′ε,
we proved that all NW,W y
β
∩Wα(eµd,λd′y) ∈ IF (Wθ, r).
We next prove that
IF (Wθ, r) ⊆ NW,Wθ(EndHθ(VF (m|n)
⊗r)).
Equivalently, we want to prove every basis element NW,Wν(eµ,λd) ∈ IF (Wθ, r) ∩ B,
where Wν = W
d
λ ∩Wµ, d ∈ D
◦
λµ satisfying Pν ≤W Wθ, is in the R.H.S.
Let z be a distinguished representative of the Pν − Wθ double coset such that
P zν ≤ Wθ and P
z
ν is also parabolic (of course l-parabolic). z is also a distinguished
representative of the Pν − P
z
ν double coset. Let τ, τ
′ be the decompositions of r such
that Wτ = Pν ,Wτ ′ = P
z
ν .
We consider HF -HF -bimodule
M = HomF (vµHF , viλd ⊗Hτ HF )
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which has anHF -Hτ -bisubmoduleN = HomF (vµHF , Rviλd) and anHF -Hτ ′-bisubmodule
N ′ = HomF (vµHF , Rviλd ⊗Hτ Tz). Since
M ∼=
⊕
w∈Dτ
HomF (vµHF , viλd ⊗ Tw)
∼=
⊕
w∈Dτ
HomF (vµHF , viλd)⊗ Tw
∼= N ⊗Hτ HF
as HF -HF -bimodules and, similarly, M ∼= N
′ ⊗Hτ ′ HF , it follows from Lemma 3.2
that
NW,Wτ (HomHτ (vµHF , viλd)) = NW,Wτ ′(HomHτ ′ (vµHF , viλd ⊗Hτ Tz)).
Thus, there exists h ∈ HomHτ ′ (vµHF , viλd ⊗Hτ Tz) such that
NW,Pν(eµ,λd) = NW,P zν (h).
Hence, putting g(u) =
dW
ν(0)
(u)dW
ν(1)
(u−1)
dP
ν(0)
(u)dP
ν(1)
(u−1)
,
NW,Wν(eµ,λd) = g(q
2)−1NW,Pν(eµ,λd)
= NW,P zν (g(q
2)−1h)
= NW,Wθ(NWθ,P zν (g(q
2)−1h)) ∈ RHS
proving the theorem. 
8. Quantum matrix superalgebras
We follow [16] to introduce the quantum matrix superalgebras.
Definition 8.1. Let Aq(m|n) be the associated superalgebra over F generated by
xij , 1 ≤ i, j ≤ m+ n subject to the following relations
(1) x2ij = 0 for iˆ+ jˆ = 1;
(2) xijxik = (−1)
(ˆi+jˆ)(ˆi+kˆ)q(−1)
iˆ+1
xikxij for j < k;
(3) xijxkj = (−1)
(ˆi+jˆ)(kˆ+jˆ)q(−1)
jˆ+1
xkjxij for i < k;
(4) xijxkl = (−1)
(ˆi+jˆ)(kˆ+lˆ)xklxij for i < k and j > l;
(5) xijxkl = (−1)
(ˆi+jˆ)(kˆ+lˆ)xklxij + (−1)
kˆjˆ+kˆlˆ+jˆ lˆ(q−1 − q)xilxkj for i < k and j < l.
Note that if all indices i, j, k, l are taken from [1, m] or [m + 1, m + n] then the
relations coincide with those for the quantum matrix algebra; see, e.g., [18, (3.5a)].
Manin proved that Aq(m|n) has also the (usual) coalgebra structure with comul-
tiplication ∆ : Aq(m|n)→ Aq(m|n)⊗Aq(m|n) and counit ε : Aq(m|n)→ F defined
by
∆(xij) =
m+n∑
k=1
xik ⊗ xkj and ε(xij) = δij , ∀1 ≤ i, j ≤ m+ n.
Further, the Z2 grading degree of xij is iˆ + jˆ ∈ Z2. Hence, Aq(m|n) is a super
bialgebra.
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We now describe a basis for Aq(m|n). For i = (i1, i2, . . . , ir), j = (j1, j2, . . . , jr) ∈
I(m|n, r), let
xi,j = xi1j1xi2j2 · · ·xirjr .
In particular, for λ, µ ∈ Λ(m|n, r), d ∈ D◦λµ, define xµ,λd := xiµ,iλd.
The elements xµ,λd are described in [11] by matrices which follows Manin [16]. Let
Mm+n(N) be the (m+ n)× (m+ n) matrix semigroup over N and let
M(m|n) = {(aij) ∈Mm+n(N) | aij = 0, 1 if iˆ+ jˆ = 1}
M(m|n, r) = {A ∈M(m|n) | r = |A|},
where |A| is the sum of the entries of A. Then, by [11, (3.2.1)], every triple λ, µ ∈
Λ(m|n, r), and d ∈ D◦λµ defines a unique matrix (λ, d, µ)
t, the transpose of (λ, d, µ),
whose concatenation of row 1, row 2, and so on is the composition λd∩µ and whose row
sum (resp., column) vector is µ (resp., λ). We will write xA = xµ,λd if A = (λ, d, µ)
t.
.
Lemma 8.2. (1) ([16],[11, 9.3]) The set {xA}A∈M(m|n) forms a basis for Aq(m|n).
(2) ([11, 9.7]) Let Aq(m|n, r) be the subspace spanned by
B∨ = {xµ,λd | λ, µ ∈ Λ(m|n, r), d ∈ D
◦
λµ} = {x
A}A∈M(m|n,r).
Then Aq(m|n, r) is a subcoalgebras with basis B
∨ and the quantum Schur superalgebra
SF (m|n, r) is isomorphic to the dual algebra Aq(m|n, r)
∗.
Recall from [11, 9.8] that the isomorphism SF (m|n, r) ∼= Aq(m|n, r)
∗ is obtained
from an isomorphism
Aq(m|n, r)
∗ ∼= EndHF (VF (m|n)
⊗r)
which is induced by an Aq(m|n, r)-comodule structure on VF (m|n)
⊗r. This structure
is the restriction of the comodule structure δ : VF (m|n)
⊗r → Aq(m|n) ⊗ VF (m|n)
⊗r
defined by, for any i ∈ I(m|n, r),
δ(vi) =
∑
j∈I(m|n,r)
(−1)
∑
1≤k<l≤r ĵk(ĵl+îl)xi,j ⊗ vj . (8.2.1)
Now, the (left)Aq(m|n, r)-comodule VF (m|n)
⊗r turns into a rightAq(m|n, r)
∗-module
with the action given by
v · f = (f ⊗ idVF (m|n)⊗r)δ(v), ∀f ∈ Aq(m|n, r)
∗, v ∈ VF (m|n)
⊗r. (8.2.2)
This action commutes with the Hecke algebra action as shown in [11, 9.7] and results
in the isomorphism above.
We now make a comparison between the basis {ψdµλ | λ, µ ∈ Λ(m|n, r), d ∈ D
◦
λµ}
(or the relative norm basis B) for SF (m|n, r) and the dual basis
{x∗µ,λd | λ, µ ∈ Λ(m|n, r), d ∈ D
◦
λµ}.
First we observe viν · x
∗
µ,λd = 0 if µ 6= ν.
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Theorem 8.3. For λ, µ ∈ Λ(m|n, r), d ∈ D◦λµ, and ν = λd ∩ µ, we have
NW,Wν(eµ,λd) = (−1)
∑
1≤k<l≤r (̂iλd)k((̂iλd)l+(̂iµ)l)x∗µ,λd.
Proof. For any λ, µ ∈ Λ(m|n, r), d ∈ D◦λµ. Since NW,Wν(eµ,λd) and x
∗
µ,λd are in
EndHF (VF (m|n)
⊗r), it is enough to consider their actions on vµ.
By the proof of Theorem 5.4, we know
(vµ)NW,Wν(eµ,λd) = (−1)
d̂
∑
w0w1∈(Wµ(0)×Wµ(1) )∩Dν
(−1)d̂w0w1qℓ(w0)(−q−1)ℓ(w1)viλdw0w1
where Wν = W
d
λ ∩Wµ.
On the other hand,
vµ · x
∗
µ,λd = (x
∗
µ,λd ⊗ idVF (m|n)⊗r)δ(vµ)
=
∑
j∈I(m|n,r)
(−1)
∑
1≤k<l≤r ĵk(ĵl+(̂iµ)l)x∗µ,λd(xiµ,j)vj .
If x∗µ,λd(xiµ,j) 6= 0, then there exists w
−1 ∈ Wµ such that (iµ, iλd) = (iµ, jw
−1). So
j = iλdw ∈ (iλd) ·Wµ, the orbit of iλd. Then
vµ · x
∗
µ,λd =
∑
j∈(iλd)·Wµ
(−1)
∑
1≤k<l≤r ĵk(ĵl+(̂iµ)l)x∗µ,λd(xiµ,j)vj
=
∑
w∈Wµ∩Dν ,j=iλdw
(−1)
∑
1≤k<l≤r ĵk(ĵl+(̂iµ)l)x∗µ,λd(xiµ,j)vj .
For w ∈ Dν ∩ Wµ, there are w0 ∈ Wµ(0) , w1 ∈ Wµ(1) such that w = w0w1. Let
i = iλd = (i1, . . . , ir) and j = iλdw = (j1, . . . , jr). Then jk = iw(k). Let
J˜ = {(k, l) | 1 ≤ k < l ≤ r, jk > jl}, J˜
∗ = {(k, l) | 1 ≤ k < l ≤ r, jk < jl}, and
J = J[1,m+n] = {(k, l) ∈ J˜ | ai−1 + 1 ≤ k < l ≤ ai−1 + µi, i ∈ [1, m+ n]},
where ai =
∑i−1
j=1 µj for 1 ≤ i ≤ m+ n and a0 = 0.
Define I˜, I˜∗, I etc. similarly with respect to i. We also define J (0) = J[1,m] and
J (1) = J[m+1,m+n] similarly (so that J = J
(0)∪J (1)). Then ℓ(w) = |J |, ℓ(wi) = |J
(i)|
(i = 0, 1) and
J = J (0) ∪ J
(1)
00 ∪ J
(1)
10 ∪ J
(1)
11 ,
where J
(1)
ij = {(k, l) ∈ J
(1) | ĵk = i, ĵl = j} for all ij ∈ {00, 10, 11}. Note that I = ∅,
{(jk, jl) | (k, l) ∈ J˜ \ J } = {(ik, il) | (k, l) ∈ I˜},
and
A := {(jk, jl) | (k, l) ∈ J˜
∗ ∪ J } = {(ik, il) | (k, l) ∈ I˜
∗} =: B.
Hence, (−1)
∑
(k,l)∈J˜\J
ĵk(ĵl+ ̂(iµ)l) = (−1)
∑
(k,l)∈I˜
îk(îl+ ̂(iµ)l). On the other hand, if (jk, jl) ∈
A with (k, l) ∈ J , then (jl, jk) ∈ B. However, for (k, l) ∈ J
(0), (̂iµ)l = 0, while
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for (k, l) ∈ J (1), (̂iµ)l = 1. Hence, (−1)
ĵk(ĵl+(̂iµ)l) = (−1)ĵl(ĵk+(̂iµ)l) for (k, l) ∈
J (0) ∪J
(1)
00 ∪J
(1)
11 , while (−1)
ĵk(ĵl+(̂iµ)l) = (−1)(−1)ĵl(ĵk+(̂iµ)l) for (k, l) ∈ J
(1)
10 . Hence,
(−1)
∑
1≤k<l≤r ĵk(ĵl+(̂iµ)l) = (−1)
∑
(k,l)∈J˜
ĵk(ĵl+(̂iµ)l) × (−1)
∑
(k,l)∈J˜∗
ĵk(ĵl+
̂(iµ)l)
= (−1)
∑
(k,l)∈J˜\J
ĵk(ĵl+(̂iµ)l) × (−1)
∑
(k,l)∈J˜∗∪J
ĵk(ĵl+ ̂(iµ)l)
= (−1)
∑
(k,l)∈I˜
îk(îl+ ̂(iµ)l) × (−1)
∑
(k,l)∈J˜∗∪J
îk(îl+(̂iµ)l)+|J
(1)
10 |
= (−1)
∑
1≤k<l≤r îk(îl+(̂iµ)l) × (−1)|J
(1)
10 |.
Let j ′ = iλdw0 and define J
′ as J above with j replaced by j ′. Then, by Definition
8.1 and ([9, 1.3]),
xiµ,iλdw0 = (−1)
∑
(k,l)∈J′ ĵ
′
k
ĵ′
lqℓ(w0)xµ,λd = (−1)
d̂w0−d̂qℓ(w0)xµ,λd,
and
xiµ,iλdw0w1 = (−1)
⋆q−ℓ(w1)xµ,λdw0 = (−1)
ℓ(−1)d̂w0w1−d̂w0q−ℓ(w1)xµ,λdw0 ,
where
⋆ =
∑
(k,l)∈J (1)
(1 + ĵk)(1 + ĵl)
=
∑
(k,l)∈J (1)
(1 + ĵk + ĵl) +
∑
(k,l)∈J (1)
ĵk ĵl
= ℓ+ (d̂w0w1 − d̂w0),
where ℓ =
∑
(k,l)∈J (1)(1 + ĵk + ĵl) and so (−1)
ℓ = (−1)|J
(1)
00 |+|J
(1)
11 |. Hence,
(−1)ℓ × (−1)|J
(1)
10 | = (−1)ℓ(w1)
and substituting gives
xiµ,iλdw0w1 = (−1)
|J
(1)
10 |(−1)d̂w0w1−d̂qℓ(w0)(−q−1)ℓ(w1)xµ,λd.
Therefore,
vµ · x
∗
µ,λd =(−1)
∑
1≤k<l≤r îk(îl+(̂iµ)l)(−1)d̂∑
w0w1∈(Wµ(0)×Wµ(1))∩Dν(d)
(−1)d̂w0w1qℓ(w0)(−q−1)ℓ(w1)viλdw0w1
= (−1)
∑
1≤k<l≤r (̂iλd)k((̂iλd)l+(̂iµ)l)(vµ)NW,Wν(eµ,λd)
proving the theorem. 
By Theorem 5.4, we have the following.
Corollary 8.4. For λ, µ ∈ Λ(m|n, r), d ∈ D◦µλ, we have
ψdµ,λ = q
ℓ(d)(−1)d̂(−1)
∑
1≤k<l≤r (̂iλd)k((̂iλd)l+(̂iµ)l)x∗µ,λd.
IRREDUCIBLE REPRESENTATIONS OF q-SCHUR SUPERALGEBRAS 33
9. Frobenius morphisms and Brauer homomorphisms
Let Aq(m) (resp., Aq(n)) be the subalgebras of Aq(m|n) generated by xij for i, j ∈
[1, m] (resp., i, j ∈ [m+ 1, m + n]). Then Aq(m) ⊗Aq(n) is a subalgebra, but not a
subcoalgebra. We now show that Aq(m) ⊗ Aq(n) contains a central subbialgebra of
Aq(m|n).
Proposition 9.1. For 1 ≤ i, j ≤ m or m+ 1 ≤ i, j ≤ m+ n, the elements xlij are in
the center of Aq(m|n).
Proof. Since iˆ = jˆ, the (first) signs on the right hand side of the relations in Definition
8.1 are all +1. Note also that ql = (q−1)l = 1, [[l]]q = 0.
For j < k, by 8.1(2)
xlijxik = q
l(−1)iˆ+1xikx
l
ij = xikx
l
ij .
For i < k, by 8.1(3)
xlijxkj = q
l(−1)jˆ+1xkjx
l
ij = xkjx
l
ij .
For i < k and j > l, by 8.1(4)
xlijxkl = xklx
l
ij .
Finally, for i < k and j < l, we claim
[xsij , xkl] = (−1)
kˆjˆ+kˆlˆ+jˆ lˆ(q−1 − q)[[s]]
q2(−1)
iˆ+1x
s−1
ij xilxkj.
Indeed, this is clear, by 8.1(5), for s = 1. In general, we apply induction to [xs+1ij , xkl] =
xij [x
s
ij , xkl] + [xij , xkl]x
s
ij to prove the claim. Now taking s = l and noting [[l]]q±2 = 0
give xlijxkl = xklx
l
ij in this case. 
Proposition 9.2. For 1 ≤ i, j ≤ m or m+ 1 ≤ i, j ≤ m+ n, we have
∆(xlij) =
m∑
k=1
xlik ⊗ x
l
kj for 1 ≤ i, j ≤ m;
∆(xlij) =
m+n∑
k=m+1
xlik ⊗ x
l
kj for m+ 1 ≤ i, j ≤ m+ n.
Proof. Since Aq(m|n) is a bialgebra,
∆(xlij) = (∆(xij))
l = (
m+n∑
k=1
xik ⊗ xkj)
l = (A +B)l,
where A =
∑m
k=1 xik ⊗ xkj and B =
∑m+n
k=m+1 xik ⊗ xkj. Putting u = q
−2(−1)iˆ+1 (and
so ul = 1), we have by the relations in Definition 8.1, AB = uBA. Thus, by the
quantum binomial theorem [18, (7.1.a)],
∆(xlij) =
l∑
h=0
[[
l
h
]]
u
AhBl−h.
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Since
[
l
h
]
u
= 0 for 0 < h < l, it turns out ∆(xlij) = A
l +Bl.
Now, by the quantum multinomial theorem (see, e.g., [4, Ex. 0.14]), 8.1(1) implies
Bl = 0 for 1 ≤ i, j ≤ m, and Al = 0 for m+1 ≤ i, j ≤ m+n. Hence, we have reduced
the proof to the non-super case and the assertion follows from [18, 7.2.2]. 
Corollary 9.3. The subalgebra generated by xlij with i, j ∈ [1, m] or i, j ∈ [m+1, m+
n] is also a subcoalgebra in the center of Aq(m|n), and hence, is a central subbialgebra.
The existence of the subbialgebra is the key to the definition of the Frobenius
morphism. Let A(m,n) be the polynomial algebra over F generated by tij for 1 ≤
i, j ≤ m or m + 1 ≤ i, j ≤ m + n. If we also define polynomial algebras A(m) =
F [ti,j]1≤i,j≤m and A(n) = F [ti,j]m+1≤i,j≤m+n, then A(m,n) ∼= A(m)⊗F A(n). We will
identify the two polynomial algebras in the sequel. Then, by the lemma above, the
map
F : A(m,n) −→ Aq(m|n)
tij 7−→ x
l
ij
is a bialgebra monomorphism. This is called the Frobenius morphism.
For the fixed r ∈ N, set
Rr = Rr(l) = {(r−1, r0) | r−1, r0 ∈ N, r−1 + lr0 = r}. (9.3.1)
For ~r = (r−1, r0) ∈ Rr, we put
Aq(m|n,~r) = Aq(m|n, r−1)⊗ A(m,n)r0
where A(m,n)r0 =
∑
s+t=r0
A(m)s ⊗ A(n)t is the r0th homogenous component of
A(m,n). It is easy to show that Aq(m|n,~r) is a subcoaglebra of Aq(m|n)⊗A(m,n).
Let
SF (m|n,~r) := Aq(m|n,~r)
∗ ∼= SF (m|n, r−1)⊗ S(m,n)r0 , (9.3.2)
where
S(m,n)r0 = A(m,n)
∗
r0
=
r0⊕
i=0
(S(m, i)⊗ S(n, r0 − i)), (9.3.3)
which is a sum of tensor products of certain classical Schur algebras.
Consider the map
µ ◦ (1⊗ F) : Aq(m|n)⊗A(m,n)→ Aq(m|n)
where µ is the multiplication in Aq(m|n), then µ ◦ (1⊗F) is a coalgebra map and
µ ◦ (1⊗ F)(Aq(m|n,~r)) ⊆ Aq(m|n, r).
Thus, upon restriction, we obtain a coalgebra map
F~r : Aq(m|n,~r)→ Aq(m|n, r).
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Definition 9.4. If we identify SF (m|n, r) with Aq(m|n, r)
∗ under Lemma 8.2(2),
then the Brauer homomorphism associated with ~r ∈ Rr is the surjective map
φ~r : SF (m|n, r)→ SF (m|n,~r) := (Aq(m|n,~r))
∗
dual to the coalgebra map F~r : Aq(m|n,~r)→ Aq(m|n, r).
We now determine the kernel of φ~r. First, we determine the image of F~r.
For ~r = (r−1, r0) ∈ Rr, define the l-parabolic subgroup P~r of W to be the parabolic
subgroup associated with (1r−1 , lr0) ∈ Λ(m|n, r). Thus, with the notation used in
(6.6.1), P~r = Pr0.
For i = (i1, i2, · · · , ir) ∈ I(m|n, r), let
li = (i1, · · · , i1︸ ︷︷ ︸
l
, i2, · · · , i2︸ ︷︷ ︸
l
, · · · , ir, · · · , ir︸ ︷︷ ︸
l
) ∈ I(m|n, rl).
Lemma 9.5. The image of F~r is the subspace spanned by
{xµ,λd | λ, µ ∈ Λ(m|n, r), d ∈ D
◦
λµ, P~r ≤W W
d
λ ∩Wµ}.
Proof. We first observe that the set
{xi−1,j−1 ⊗ ti0,j0 | i−1, j−1 ∈ I(m|n, r−1), i0, j0 ∈ I(m,n; r0)}
spans Aq(m|n,~r), where
I(m,n; r0) =
⋃
s+t=r0
I(m, s)× (m+ I(n, t)) with m = (m, . . . ,m︸ ︷︷ ︸
n
).
To get a basis, by Lemma 8.2(2), we simply take the i, j involved to satisfy the
conditions that i weakly increasing and ja ≤ jb whenever ia = ib. So we may assume
that xi−1,j−1 = xµ(−1),λ(−1)d−1 , ti0,j0 = tµ(0),λ(0)d0 for λ(i), µ(i) into m + n parts and
di ∈ D
◦
λ(i),µ(i)
, i = −1, 0.
Now, F~r(xi−1,j−1 ⊗ ti0,j0) = xi−1,j−1xli0,lj0 . By Proposition 9.2, every factor x
l
ikjk
of
xli0,lj0 , where ik, jk ∈ [1, m] or [m+ 1, m+ n], is in the center of Aq(m|n). Thus, we
may move them around so that the product xi−1,j−1xli0,lj0 can be written as xi,j with
i weakly increasing and j satisfying ja ≤ jb whenever ia = ib and, if ia = ia+1 and
ja = ja+1, then ia, ja ∈ [1, m] or ia, ja ∈ [m+1, m+ n]. This means that we may find
λ, µ ∈ Λ(m|n, r) and d ∈ D◦λµ such that F~r(xi−1,j−1 ⊗ ti0,j0) = xiµ,iλd. Clearly, by the
construction, P~r ≤W W
d
λ ∩Wµ.
Conversely, if λ, µ ∈ Λ(m|n, r) and d ∈ D◦λµ such that P~r ≤W W
d
λ ∩ Wµ, then
both W d
λ(0)
∩Wµ(0) and W
d
λ(1)
∩Wµ(1) contain l-parabolic subgroups. Thus, if we write
i = (i1, i2, · · · , ir) = iµ and j = (j1, j2, · · · , jr) = iλd, then xµ,λd = xi,j has factors
of the form xlikjk , where ik, jk ∈ [1, m] or [m + 1, m + n]. Moving all such factors
to the right, we may rewrite xij = xi−1,j−1xli0,lj0 . Clearly, (i−1, j−1) satisfies the
even-odd trivial intersection property. Hence, we see that xi,j = F~r(x) for some
x ∈ Aq(m|n,~r). 
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As an application of Theorem 8.3, we now determine the kernel of the Brauer
homomorphism.
Theorem 9.6. If {x∗µ,λd | λ, µ ∈ Λ(m|n, r), d ∈ D
◦
λµ} is the dual basis of B
∨ in Lemma
8.2(2), then the kernel of φ~r, for ~r = (r−1, r0) ∈ Rr, is spanned by
{x∗µ,λd | λ, µ ∈ Λ(m|n, r), d ∈ D
◦
λµ, P~r W W
d
λ ∩Wµ}.
In particular, kerφ~r = IF (Pr0−1, r).
Proof. Suppose that φ~r(x
∗
µ,λd) = 0. Thus we have x
∗
µ,λd(F~r(a)) = 0 for all a ∈
Aq(m|n,~r). The lemma above implies that P~r W W dλ ∩Wµ.
Now, the largest l-parabolic subgroup P satisfying P~r 6≤W P is Pr0−1, and by
Theorem 8.3, IF (P, r) is spanned by
{x∗µ,λd | λ, µ ∈ Λ(m|n, r), d ∈ D
◦
λµ, P ≤W W
d
λ ∩Wµ}.
The last assertion follows from the filtration (6.6.1) and Theorem 8.3. 
10. Shrinking defect groups by Brauer homomorphisms
In this section we continue to assume that R = F is a field. We shall prove that
the Brauer homomorphism φ~r sends certain primitive idempotents in SF (m|n, r) to
primitive idempotents in SF (m|n,~r) with the trivial defect group. Using the filtration
(6.6.1), we make the following definition.
Definition 10.1. For a primitive idempotent e ∈ SF (m|n, r), there is a number
k = k(e) such that e ∈ IF (Pk, r), e 6∈ IF (Pk−1, r). We set D(e) = Pk and call D(e)
the defect group of e.
Every primitive idempotent e of SF (m|n, r) defines an indecomposableHF -submodule
VF (m|n)
⊗re of VF (m|n)
⊗r. We now determine its defect group. The following result
is a super version of [8, Th. 4.8]. For completeness, we include a proof.
Theorem 10.2. If e ∈ SF (m|n, r) is a primitive idempotent, then the defect group
D(e) of e is the vertex of the indecomposable HF -module VF (m|n)
⊗re.
Proof. Let T = VF (m|n)
⊗r and suppose Wθ is the vertex of Te. Then Te is Hθ-
projective and so
eSF (m|n, r)e = EndHF (Te) = NW,Wθ(EndHθ(Te)) = NW,Wθ(eEndHθ(T )e)
= eNW,Wθ(EndHθ(T ))e = eIF (Wθ, r)e, by Theorem 7.4
Hence, e ∈ IF (Wθ, r) and D(e) ≤W Wθ. However, by Theorem 7.4 again, the equali-
ties above continue to hold with Wθ replaced by D(e). Hence, Te is HD(e)-projective
which implies Wθ ≤W D(e). Hence, Wθ =W D(e). 
Corollary 10.3. Let e ∈ SF (m|n, r) be a primitive idempotent and let φ~r be the
Brauer homomorphism associated with ~r ∈ Rr . Then φ~r(e) 6= 0 if and only if P~r is
conjugate to a parabolic subgroup of D(e).
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Proof. For ~r = (r−1, r0), by Theorem 9.6, φ~r(e) 6= 0 if and only if e 6∈ ker(φ~r) =
IF (Pr0−1, r). This is equivalent to P~r ≤W D(e). 
Choose ~r ∈ Rr satisfying D(e) = P~r. Then we will prove that φ~r(e) is primitive
and determine its defect group. This is the key to the classification theorem in next
section.
For ~r ∈ Rr, let
ρ = ρ~r = (ρ−1, ρ0) = (r−1, lr0)
θ = θ~r = (1, · · · , 1︸ ︷︷ ︸
r−1
, l, · · · , l︸ ︷︷ ︸
r0
) (10.3.1)
Since Wρ ≤ W , VF (m|n)
⊗r is a HF -module, and
VF (m|n)
⊗r = VF (m|n)
⊗ρ−1 ⊗ VF (m|n)
⊗ρ0 ,
restriction makes VF (m|n)
⊗r into an Hρ-module.
Let SF (m|n, ρ) = EndHρ(VF (m|n)
⊗r), then (see (5.1.1))
SF (m|n, ρ) ∼= SF (m|n, ρ−1)⊗ SF (m|n, ρ0). (10.3.2)
Recall from (5.3.1) and (5.3.2) that
~Λ(m|n, ρ) = Λ(m|n, ρ−1)× Λ(m|n, ρ0),
and, for ~λ, ~µ ∈ ~Λ(m|n, ρ),
D◦~λ~µ;ρ = {d ∈ D~λ~µ | d = d1d2 ∈ Wρ−1 ×Wρ0 , d1 ∈ D
◦
λ(−1)µ(−1)
, d2 ∈ D
◦
λ(0)µ(0)
} ⊆Wρ.
So SF (m|n, ρ) has a basis (see (5.3.3))
{NWρ,W d~λ∩W~µ
(e
~µ,~λd
) | ~λ, ~µ ∈ ~Λ(m|n, ρ), d ∈ D◦~λ~µ;ρ}.
Let P be an l-parabolic subgroup of Wρ and define IF (P, ρ) to be the subspace
of SF (m|n, ρ) spanned by N
d
~µ~λ
where ~λ, ~µ ∈ ~Λ(m|n, ρ), d ∈ D◦~λ~µ;ρ and the maximal
l-parabolic subgroup of W d~λ ∩W~µ is conjugate in Wρ to parabolic subgroup of P . By
(10.3.2), the first two items of the following results are the Wρ version of Corollary
6.6 and Theorem 7.4.
Lemma 10.4. Let P =Wθ be an arbitrary l-parabolic subgroup of Wρ.
(1) The space IF (P, ρ) is an ideal of SF (m|n, ρ).
(2) IF (Wθ, ρ) = NWρ,Wθ(EndHθ(VF (m|n)
⊗r)).
(3) If ξ is a composition of r such that Wξ ≤ Wρ and Pξ = Wθ is the maximal
l-parabolic subgroup of Wξ, then
NWρ,Wθ(EndHθ(VF (m|n)
⊗r)) = NWρ,Wξ(EndHξ(VF (m|n)
⊗r)).
Proof. (3) The RHS is clearly contained in the LHS. The rest of the proof follows from
a similar argument as in the proof of [5, 4.3]. The Pioncare´ polynomials involved in
the proof there have to be replaced by the product of the Pioncare´ polynomials in q2
for the even parts and the Pioncare´ polynomials in q−2 for the odd parts. 
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We fix an element ~r = (r−1, r0) ∈ Rr, and define ρ = ρ~r and θ = θ~r as in (10.3.1).
Let
Aq(m|n, ρ) = Aq(m|n, r−1)⊗Aq(m|n, lr0).
Recall the definition of the Frobenius morphism F . Define the coalgebra homomor-
phism
Fρ = id⊗ F : Aq(m|n,~r)→ Aq(m|n, ρ).
Consider the dual of Fρ:
ψρ = F
∗
ρ : SF (m|n, ρ)→ SF (m|n,~r).
Since Fρ is injective, ψρ is a surjective algebra homomorphism. On the other hand,
the multiplication map
µ : Aq(m|n, ρ)→ Aq(m|n, r),
induces an algebra monomorphism
ιρ = µ
∗ : SF (m|n, r) →֒ SF (m|n, ρ),
defined by ι(f) = f ◦ µ for all f ∈ SF (m|n, r). Thus, taking the dual of the relation
µ ◦ Fρ = F~r gives the following commutative diagram (recall ρ = ρ~r):
SF (m|n, ρ) SF (m|n, r)
SF (m|n,~r)
✛
✑
✑
✑
✑
✑
✑
✑
✑✰
❄
ιρ
φ~r
ψρ
(10.4.1)
We claim that ιρ coincides with the inclusion EndHR(VF (m|n)
⊗r) ⊆ EndHρ(VF (m|n)
⊗r).
Indeed, for i = −1, 0, let δi : VF (m|n)
⊗ρi → Aq(m|n, ρi)⊗ VF (m|n)
⊗ρi be the comod-
ule structure map as defined in (8.2.1) and let δρ = (23)(δ−1 ⊗ δ0) : VF (m|n)
⊗r →
Aq(m|n, ρ)⊗VF (m|n)
⊗r. Then it is direct to check that (µ⊗1)◦δρ = δ : VF (m|n)
⊗r →
Aq(m|n, r)⊗ VF (m|n)
⊗r. (The signs involved in both sides are the same!) Thus, for
any v ∈ VF (m|n)
⊗r and f ∈ SF (m|n, r), by (8.2.2),
v · f = (f ⊗ 1)δ(v) = (f ⊗ 1)(µ⊗ 1)δρ(v)
= (fµ⊗ 1)δρ(v) = v · ιρ(f),
proving the claim.
By the definition of ψρ and Theorem 9.6, we have
ker(ψρ) = SF (m|n, r−1)⊗ IF (Pr0−1, r0l) =
∑
Pr0WρP
IF (P, ρ). (10.4.2)
Consider the ideal of the form IF (Pk, r−1)⊗ S(m,n)r0 in SF (m|n,~r) and the ideal
IF (Pk, ~r) := φ~r(IF (Pr0+k, r)) = IF (Pr0+k, r)/IF (Pr0−1, r).
We now show that both ideals are the same.
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Lemma 10.5. For ~r = (r−1, r0) ∈ Rr and r0 ≤ k ≤ s, where r = sl + t with
0 ≤ t < l, the restriction φ~r : IF (Pk, r)→ IF (Pk−r0, r−1)⊗ S(m,n)r0 is surjective. In
other words, we have
IF (Pk, ~r) = IF (Pk−r0, r−1)⊗ S(m,n)r0. (10.5.1)
Proof. By Theorem 8.3, IF (Pk, r) is spanned by all x
∗
µ,λd satisfying Pλd∩µ ≤W Pk. We
first prove that φ~r(IF (Pk, r)) ⊆ IF (Pk−r0, r−1)⊗ S(m,n)r0. This is seen as follows.
Let Wθ = Pk and, for any NW,Wθ(a) ∈ IF (Pk, r) = NW,Wθ(EndHθ(VF (m|n)
⊗r)),
write by Lemma 3.3
NW,Wθ(a) =
∑
d∈Dθρ
NWρ,W dθ ∩Wρ(Td−1aTd).
If we put Wα = W
d
θ ∩ Wρ = Wα(−1) × Wα(0) , where α(i) is a composition of ρi for
i = −1, 0, then
EndHα(VF (m|n)
⊗r) = EndHα(−1) (VF (m|n)
⊗r−1)⊗ EndHα(0) (VF (m|n)
⊗r0l).
So there exist ai(d) ∈ EndHα(i) (VF (m|n)
⊗ρi) such that Td−1aTd = a−1(d) ⊗ a0(d).
Hence,
NW,Wθ(a) =
∑
d∈Dθρ
NWρ−1 ,Wα(−1) (a−1(d))⊗NWρ0 ,Wα(0) (a0(d)).
If Pk−r0 <W Pα(−1) , then Pα(0) ≤W Pr0−1 and so F
∗(NWρ0 ,Wα(0) (a0(d))) = 0. Hence,
φ~r(NW,Wθ(a)) =
∑
d∈Dθρ
Pk−r0
=WPα(−1)(d)
NWρ−1 ,Wα(−1) (a−1(d))⊗F
∗(NWρ0 ,Wα(0) (a0(d))),
which is in IF (Pk−r0, r−1)⊗ S(m,n)r0.
We now prove the surjectivity. By the proof of Lemma 9.5, every basis element
x∗µ(−1),λ(−1)d−1⊗t
∗
µ(0) ,λ(0)d0
in IF (Pk−r0, r−1)⊗S(m,n)r0 has a pre-image x
∗
µ,λd. Let Pλd∩µ
be the maximal l-parabolic subgroup of W dλ ∩Wµ. Then the same proof shows that
Pλd∩µ =W Pk−r0 × Pr0 where Pk−r0 is conjugate to the maximal l-parabolic subgroup
of W
d−1
λ(−1)
∩Wµ(−1) ≤ Sr−1 . Hence, x
∗
µ,λd ∈ IF (Pk, r), proving the surjectivity. 
Corollary 10.6. Maintain the nation above. For ~r ∈ Rr, let ρ = ρ~r, θ = θ~r be defined
in (10.3.1) and let k ≥ r0 with kl ≤ r. Then
φ~r(IF (Pk, r)) = ψρ(IF (Pk, ρ)).
Proof. If r = sl + t with 0 ≤ t < l, r0 ≤ k ≤ s, then one sees easily that
IF (Pk, ρ) = IF (Pk−r0, r−1)⊗ SF (m|n, r0l) +
s−k∑
i=1
IF (Pk−r0+i, r−1)⊗ IF (Pr0−i, r0l).
Hence, ψρ(IF (Pk, ρ)) = ψρ(IF (Pk−r0, r−1)⊗ SF (m|n, r0l)) and, by Lemma 10.5,
φ~r(IF (Pk, r)) = IF (Pk−r0)⊗ S(m,n)r0 = ψρ(IF (Pk−r0, r−1)⊗ SF (m|n, r0l)).
Hence, the assertion follows. 
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Applying the Brauer homomorphism φ~r to the filtration (6.6.1) gives rise to a
filtration of ideals of SF (m|n,~r):
0 ⊆ IF (P0, ~r) ⊆ IF (P1, ~r) ⊆ · · · ⊆ IF (Ps−r0, ~r) = SF (m|n,~r). (10.6.1)
Like Definition 10.1, we may use this sequence to define the defect group D(e¯) of
a primitive idempotent e¯ of SF (m|n,~r). In particular, a primitive idempotent e¯ ∈
SF (m|n,~r) has the trivial defect group if e¯ ∈ IF (P0, ~r).
Theorem 10.7. Let e, e′ be idempotents SF (m|n, r). Suppose e is primitive with
defect group D(e) = Pk. Suppose ~r = (r−1, r0) ∈ Rr and P~r ≤W D(e) (so r0 ≤ k).
Then
φ~r(eSF (m|n, r)e
′) = φ~r(e)SF (m|n,~r)φ~r(e
′)
and φ~r(e) is also primitive with defect group Pk−r0. In particular, if D(e) = P~r, then
φ~r(e) has the trivial defect group.
Proof. The first assertion is clear since φ~r is an algebra homomorphism and SF (m|n,~r)
is the homomorphic image of SF (m|n, r) under φ~r.
To see the last assertion, we first notice that φ~r(e) 6= 0 by Corollary 10.3. Since
e is primitive, eSF (m|n, r)e is a local ring. Applying the surjective map φ~r to this
local ring yields that φ~r(eSF (m|n, r)e) = φ~r(e)SF (m|n,~r)φ~r(e) is also a local ring.
Hence, φ~r(e) is a primitive idempotent in SF (m|n,~r) and φ~r(e) ∈ IF (Pk−r0, ~r). The
fact D(φ~r(e)) = Pk−r0 is clear from Isomorphism Theorems for ring homomorphisms,
since ker(φ~r) = IF (Pr0−1, r) ⊆ IF (Pk, r) for all k ≥ r0. 
11. Classification of irreducible SF (m|n, r)-modules
We first interpret the algebra SF (m|n,~r) as an endomorphism algebra of a certain
tensor space. By (10.4.2) and the commutative diagram (10.4.1), we obtain for ~r =
(r−1, r0) and ρ = (r−1, r0l)
SF (m|n,~r) = ψρ(SF (m|n, ρ)) ∼= SF (m|n, r−1)⊗ S¯F (m|n, r0l),
where S¯F (m|n, r0l) := SF (m|n, (0, r0)) = SF (m|n, r0l)/IF (Pr0−1, r0l).
On the other hand, taking the dual of the Frobenius map
F|r0 : A(m,n)r0 → Aq(m|n, r0l)
induces an algebra isomorphism
S¯F (m|n, r0l) ∼=
r0⊕
i=0
(S(m, i)⊗ S(n, r0 − i)) = S(m,n)r0 . (11.0.1)
Recall the even part VF (m|n)0 and the odd part VF (m|n)1 of the superspace
VF (m|n). Fix r0 ≥ 0 and define the subspace:
(VF (m|n)
⊗r0)L =
r0⊕
i=0
(VF (m|n)0)
⊗i ⊗ (VF (m|n)1)
⊗r0−i.
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This is called the “Levi part” of VF (m|n)
⊗r0. Let the product of symmetric groups
S{1,...,i} ×S{i+1,...,r0} act on the summand (VF (m|n)0)
⊗i ⊗ (VF (m|n)1)
⊗r0−i by place
permutation for S{1,...,i} and signed place permutation
3 for S{i+1,...,r0}. In this way,
putting
(Sr0)L :=
r0∏
i=0
(S{1,...,i} ×S{i+1,...,r0}),
(VF (m|n)
⊗r0)L becomes an (Sr0)L-module. Now, the RHS of (11.0.1) can be inter-
preted as the endomorphism algebra End(Sr0 )L((VF (m|n)
⊗r0)L) so that we have an
algebra isomorphism
S¯F (m|n, r0l) ∼= End(Sr0 )L((VF (m|n)
⊗r0)L). (11.0.2)
In general, for ~r = (r−1, r0) ∈ Rr, let
VF (m|n)
⊠~r := VF (m|n)
⊗r−1 ⊗ (VF (m|n)
⊗r0)L
=
r0⊕
i=0
VF (m|n)
⊗r−1 ⊗ (VF (m|n)0)
⊗i ⊗ (VF (m|n)1)
⊗r0−i.
Let F (Sr0)L be the group algebra of (Sr0)L and let
H~r := HF (Sr−1)⊗ F (Sr0)L
∼=
r0⊕
i=0
HF (Sr−1)⊗ FS{1,...,i} ⊗ FS{i+1,...,r0}.
Then
SF (m|n,~r) =
r0⊕
i=0
SF (m|n, r−1)⊗ S(m, i)⊗ S(n, r0 − i)
∼= EndH~r(VF (m|n)
⊠~r).
If e¯ ∈ SF (m|n,~r) is a primitive idempotent, then there are primitive idempotents
e−1 ∈ SF (m|n, r−1), e0⊗e1 ∈ S(m, i)⊗S(n, r0−i) for some i such that e¯ = e−1⊗e0⊗e1.
By Lemma 10.5, D(e¯) = D(e−1). We need the following result.
Lemma 11.1. (a) Let e, e′ be the idempotents of SF (m|n, r) with e primitive and
D(e) = P~r for some ~r = (r−1, r0) ∈ Rr. Then
VF (m|n)
⊗re | VF (m|n)
⊗re′ if and only if VF (m|n)
⊠~rφ~r(e) | VF (m|n)
⊠~rφ~r(e
′).
(b) If e¯ ∈ SF (m|n,~r) is a primitive idempotent with D(e¯) = 1, then e¯ is equivalent
to φ~r(e
′) for some primitive idempotent e′ ∈ SF (m|n, r) with D(e
′) = P~r.
(c) Let e be a primitive idempotent of SF (m|n, r). If D(e) = 1, then VF (m|n)
⊗re
is a projective indecomposable HF -module.
3In the Appendix, we will see that the signed permutation is naturally induced from the original
Hecke algebra action.
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Proof. With Corollary 10.3, Theorem 10.7, and Lemma 10.5, the proof for (a) and
(b) is standard; see [19, 4.1]. So we omit it.
(c) By Theorem 10.2, the vertex of VF (m|n)
⊗re is D(e). If HF -module M has the
trivial vertex, then Higman Criterion in Lemma 3.7(a) tells that M is a projective
HF -module. 
Let Λ+(r) (resp. Λ+(N, r), Λ+l-reg(r)) be the set of partitions (resp., partitions with
at most N parts, l-regular partitions) of r. (A partition is called l-regular if no part
is repeated l or more times.) For each ~r = (r−1, r0) ∈ Rr, let
P~r =
{
Λ+l-reg(r), if r0 = 0;⋃r0
i=0{(λ, ξ, η) | λ ∈ Λ
+
l-reg(r−1), ξ ∈ Λ
+(m, i), η ∈ Λ+(n, r0 − i)}, if r0 > 0
and let
Pr =
⋃
~r∈Rr
P~r. (11.1.1)
Let E~rr (resp., E
1
~r ) be the set of nonequivalent primitive idempotents with defect
group P~r (resp., the trivial defect group) in SF (m|n, r) (resp., SF (m|n,~r)). Set
Er =
⋃
~r∈Rr
E~rr
to be the set of nonequivalent primitive idempotents of SF (m|n, r).
Theorem 11.2. Assume m+ n ≥ r.
(1) For each ~r ∈ Rr, the Brauer homomorphim φ~r induces a bijection between the
sets E~rr and E
1
~r .
(2) There is a bijection π : E1~r → P~r.
Hence, there is a bijective map π from Er to Pr.
Proof. For statement (1), let E¯~rr = φ(E
~r
r ) where φ = φ~r. By Theorem 10.7, every
element in E¯~rr is primitive with the trivial defect group. Thus, we may regard E¯
~r
r as
a subset of E1~r and consider the map φ : E
~r
r → E
1
~r . By Lemma 11.1(a) we see that φ
is injective, and by Lemma 11.1(b), we see that φ is surjective, proving (1).
We now prove (2). Pick e¯ ∈ E1~r . Then D(e¯) = 1 and there exists i ∈ [1, r0]
and primitive idempotents e−1 ∈ SF (m|n, r−1), e0 ∈ S(m, i), and e1 ∈ S(n, r0 − i)
such that e¯ = e−1 ⊗ e0 ⊗ e1. Since D(e−1) = D(e¯) = 1, by Lemma 11.1(c),
VF (m|n)
r−1e−1 is a projective indecomposable Hr−1-module, where Hr−1 = HF (Sr−1).
Since the PIMs of Hr−1 are labelled by Λ
+
l-reg(r−1) (see [6]), e−1 determines a unique
λ ∈ Λ+l-reg(r−1). Similarly, idempotents e0 and e1 determines irreducible S(m, i)-
module L(ξ) and S(n, r0 − i)-module L(η), respectively, where ξ ∈ Λ
+(m, i) and
η ∈ Λ+(n, r0 − i). Hence, e¯ determines a unique triple (λ, ξ, η) ∈ P~r and, putting
π(e¯) = (λ, ξ, η) defines a map π : E1~r → P~r. It is clear that π is injective.
For the subjectivity, we assume that m+n ≥ r. In particular, m+n ≥ r−1. Thus,
HF (Sr−1) is a direct summand of the tensor space VF (m|n)
⊗r−1. Thus, for every
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triple (λ, ξ, η) ∈ P~r, the PIM Qλ of Hr−1 corresponding to λ is a direct summand
of the tensor space. Hence, there is a primitive idempotent e−1 such that Qλ ∼=
VF (m|n)
⊗r−1e−1. Similar, there exists primitive idempotents e0, e1 such that
(VF (m|n)0)
⊗ie0 ∼= L(ξ) and (VF (m|n)1)
⊗r0−ie1 ∼= L(η),
where L(ξ) (reps., L(η)) is the irreducible S(m, i)-module (reps. S(n, r0− i)-module)
with highest weight ξ (reps., η). Hence, π(e−1⊗e0⊗e1) = (λ, ξ, η) and π is surjective.

For each e ∈ Er, if π(e) = (λ, ξ, η), define
Lq(λ, ξ, η) = SF (m|n, r)e/Rad(SF (m|n, r)e).
When π(e) = λ ∈ Λ+l-reg(r), we write Lq(λ).
Corollary 11.3. Assume m+ n ≥ r.
(1) The set {L(λ, ξ, η) | (λ, ξ, η) ∈ Pr} forms a complete set of non-isomorphic
irreducible SF (m|n, r)-modules.
(2) If (λ, ξ, η) ∈ P~r with P~r > 1, then the SF (m|n,~r)-module Lq(λ)⊗L(ξ)⊗L(η)
becomes an SF (m|n, r)-module by inflation and we have
Lq(λ, ξ, η) ∼= Lq(λ)⊗ L(ξ)⊗ L(η).
Remarks 11.4. (1) Each element of Pr can also be regarded as a pair (P,Q) where
P is an l-parabolic subgroup and Q is a PIM of the quotient algebra defined by P .
Equivalence classes associated with an equivalence relation on all such pairs play the
role of “weights” as described in Alperin’s weight conjecture.
(2) If we know the classification of all primitive idempotents with the trivial defect
group in SF (m|n, r) and label them by Λr, then the condition m + n ≥ r can be
removed by replacing the set Λ+l-reg(r−1) by the labelling set Λr−1.
Moreover, when m+n < r, the classification can possibly be obtained by the Schur
functor:
Sε : SF (m
′|n′, r)−Mod −→ SF (m|n, r)−Mod,M 7−→ εM,
where m′ ≥ m, n′ ≥ n, m′ + n′ ≥ r, and ε is given in Remark 2.5. See [3, 6.5] for the
Schur superalgebra case and Appendix II for a comparison.
(3) Though our approach didn’t offer a construction for irreducible modules, the
tensor product structure shown in Corollary 11.3(2) reduces the problem to the con-
struction for l-restricted partitions.
(4) If r < l, then every idempotent e ∈ SF (m|n, r) has the trivial defect group and
defines a PIM of the Hecke algebra HF . Thus, there is a bijection between the PIMs
of HF and the non-equivalent primitive idempotents in SF (m|n, r) where m+ n ≥ r.
This is the semismple case similar to the situation described in Proposition 2.6.
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In the classical (i.e., non-quantum) case, Donkin gave a classification of irreducible
Sk(m|n, r)-modules under the assumption m,n ≥ r, where k is a field of a positive
characteristic p. We end this section with a comparison.
Assume now m,n ≥ r. Let Sk(m|n, r) = S(m|n, r)⊗Z k be the Schur superalgebra
obtained by specialising υ to 1. By [7, (3)], non-isomorphic irreducible Sk(m|n, r)-
modules are in one-to-one correspondence with the set
{(λ, µ) ∈ Λ+ × Λ+ | r = |λ|+ p|µ|},
where Λ+ denotes the set of all partitions. Clearly, this set is the same as the set
P ′r = {(τ, ν) | τ ∈ Λ
+(s), ν ∈ Λ+(t), s, t ∈ N, s+ lt = r}.
With the assumption m,n ≥ r and taking l = p, the set Pr defined in (11.1.1) has
the form
Pr = {(λ, ξ, η) | λ ∈ Λ
+
l-reg(r−1), ξ ∈ Λ
+(i), η ∈ Λ+(r0 − i), i ∈ [0, r0], (r−1, r0) ∈ Rr}
= {(λ, ξ, η) | λ ∈ Λ+l-reg(i), ξ ∈ Λ
+(j), η ∈ Λ+(k), i, j, k ∈ N, i+ l(j + k) = r}
We claim that there is a bijective map g : Pr → P
′
r defined by setting g((λ, ξ, η)) =
(λι+lξι, η) for (λ, ξ, η) ∈ Pr, where µ
ι is the partition dual to µ. Indeed, for (λ, ξ, η) ∈
Pr, since λ ∈ Λ
+
l (i), ξ ∈ Λ
+(j), η ∈ Λ+(k), then λι + lξι ∈ Λ+(i + lj). Thus,
(λι + lξι, η) ∈ P ′r. So g is a map from Pr to P
′
r. For (µ, α, β) ∈ Pr, if (µ, α, β) 6=
(λ, ξ, η), it is clear, by the fact that λ and µ are l-regular partitions, that (µι+lαι, β) 6=
(λι + lξι, η). Hence g is injective. For (τ, ν) ∈ P ′r, suppose τ = (τ1, τ2, · · · , τm).
Assume τj = λj+ lµj where 0 ≤ λj < l, j = 1, · · · , m. Set λ
ι = (λ1, λ2, · · · , λm), µ
ι =
(µ1, µ2, · · · , µm). Then (λ, µ, ν) ∈ Pr and g(λ, µ, ν) = (τ, ν). We have proved the
claim.
By the claim, we see that under the assumption m,n ≥ r, our labelling set is the
same as Donkin’s labelling set. Thus, this shows that the quantum classification in
the m,n ≥ r case is a q-analogue of the classical classification.
12. Appendix I: Brauer homomorphisms without Frobenius
In §11, the isomorphism (11.0.2) was established by taking the dual of the Frobe-
nius morphism. However, the Brauer homomorphism, originated from the group
representation theory, has its own definition, see [10, §3]. In this section, we provide
a proof for (11.0.2) without using the Frobenius morphism. Note that this proof is
much simpler than the proof for q-Schur algebras given in [10]. We first look at the
structure of S¯F (m|n, r0l).
Lemma 12.1. The algebra S¯F (m|n, r0l) has a direct sum decomposition into cen-
traliser subalgebras
S¯F (m|n, r0l) =
r⊕
i=0
S¯F (m|n, r0l)i.
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Proof. Let W = Sr0l (i.e., we assume r = r0l). The maximal l-parabolic subgroup of
W is unique and equal to Pr0 . By Theorem 5.1, SF (m|n, r0l) has basis
B = {NW,W d
λ
∩Wµ(eµ,λd) | µ, λ ∈ Λ(m|n, r0l), d ∈ D
◦
λµ}.
If the maximal l-parabolic subgroup Pλd∩µ of W
d
λ ∩ Wµ is not equal to Pr0, then
it must be conjugate to a parabolic subgroup of Pr0−1 and so NW,W dλ∩Wµ(eµ,λd) ∈
IF (Pr0−1, r0l). Thus, it suffices to look at the basis elements satisfying Pλd∩µ = Pr0 .
Then Pr0 ≤ W
d
λ ∩ Wµ. Since Pr0 is the unique maximal l-parabolic subgroup of
W = Sr0l, λ and µ must be of the form
λ = lλ′ = (λ′1l, λ
′
2l, · · · , λ
′
ml | λ
′
m+1l, · · · , λ
′
m+nl)
µ = lµ′ = (µ′1l, µ
′
2l, · · · , µ
′
ml | µ
′
m+1l, · · · , µ
′
m+nl),
where λ′, µ′ ∈ Λ(m|n, r0) and d ∈ NSr0l(Pr0), the normaliser of Pr0 . Moreover,
NSr0l(Pr0) = Pr0 ⋊ S˜r0, where S˜r0
∼= Sr0 is the subgroup of Sr0l generated by
s˜1 = (1, l + 1)(2, l + 2) · · · (l, 2l),
s˜2 = (l + 1, 2l + 1)(l + 2, 2l + 2) · · · (2l, 3l),
. . . . . . ,
s˜r0−1 = ((r0 − 2)l + 1, (r0 − 1)l + 1)((r0 − 2)l + 2, (r0 − 1)l + 2) · · · ((r0 − 1)l, r0l).
Thus, d ∈ D◦λµ ∩ S˜r0. This together with the even-odd trivial intersection property
forces by the uniqueness of Pr0
Pr0 = P
00
λd∩µ × P
11
λd∩µ = Pµ(0) × Pµ(1) = Pλ(0) × Pλ(1) .
(Here P iiλd∩µ denotes the maximal l-parabolic subgroup of W
ii
λd∩µ.) Hence, we must
have Pλ(0) = Pµ(0) and Pλ(1) = Pµ(1) , and consequently,
|λ(0)| = |µ(0)| = il and |λ(1)| = |µ(1)| = (r0 − i)l
for some 0 ≤ i ≤ r0. This also forces that d must have a decomposition d = d0d1 for
some d0 ∈ Dλ(0)µ(0) ∩W
′ and d1 ∈ Dλ(1)µ(1) ∩W
′′, where
W ′ = S˜{1,...,i} and W
′′ = S˜{i+1,...,r0},
such that W iiλd∩µ =W
di
λ(i)
∩Wµ(i) for i = 0, 1.
Let ζdµ,λ be the image of NW,W dλ∩Wµ(eµ,λd) in S¯F (m|n, r0l). Then S¯F (m|n, r0l) has
basis B¯ = ∪r0i=0B¯i, where
B¯i = {ζ
d
µλ | λ, µ ∈ lΛ(m, i)× lΛ(n, r0 − i), d ∈ D
◦
λµ ∩ S˜r0}.
Let S¯F (m|n, r0l)i be the subspace spanned by B¯i and let ei =
∑
λ:|λ(0)|=il ζ
1
λλ. Then
1 =
∑r0
i=0 ei, eiej = 0 for i 6= j, and S¯F (m|n, r0l)i = eiS¯F (m|n, r0l)ei. Our assertion
follows. 
Let TL be the subspace of T = VF (m|n)
⊗r spanned by tensors of the form
vlj1 · · · v
l
ji
vlji+1 · · · v
l
jr0
(0 ≤ i ≤ r0)
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such that 1 ≤ j1, . . . , ji ≤ m and m + 1 ≤ ji+1, . . . , jr0 ≤ m + n and let T
′
L be the
subspace spanned by the rest of the tensors so that T = TL ⊕ T
′
L. By looking at the
action of elements in B¯ on the quotient space T /T ′L, we directly prove the following.
Proposition 12.2. We have algebra isomorphisms:
S¯F (m|n, r0l) ∼= End(S˜r0 )L
(TL) ∼= End(Sr0 )L(VF (m|n)
⊗r0)L).
Proof. The second isomorphism is clear. Suppose NW,Wν(eµ,λd) ∈ B has image ζ
d
µλ ∈ B¯
(ν = λd ∩ µ). We first inspect the action of NW,Wν(eµ,λd) on vµ:
(vµ)NW,Wν(eµ,λd) = (vµ)
∑
x∈Dν∩Wµ
Tx−1(eµ,λd)Tx
=
∑
x0x1∈Dν∩(Wµ(0)×Wµ(1))
qℓ(x0)(−q−1)ℓ(x1)(−1)d̂x0x1−d̂viλdx0x1
Since d = d0d1 with d0 ∈ Dλ(0)µ(0)∩W
′ and d1 ∈ Dλ(1)µ(1)∩W
′′, it follows that (−1)d̂ =
(−1)ℓ(d1), (−1)d̂x0x1 = (−1)ℓ(d1x1) = (−1)ℓ(d1)(−1)ℓ(x1), and viλd = viλ(0)d0viλ(1)d1 . Also,
since, for any x0x1 ∈ Dν ∩Wµ but x0x1 6∈ W
′ ×W ′′, viλdx0x1 ∈ T
′
L and since l
2|ℓ(x0)
and l2|ℓ(x1) for all x0 ∈ W
′ and x1 ∈ W
′′, we have
(vµ)NW,Wν(eµ,λd) ≡
∑
x0x1∈Dν∩Wµ∩(W ′×W ′′)
qℓ(x0)(q−1)ℓ(x1)vi
λ(0)
d0x0viλ(1)d1x1(mod TL
′)
=
∑
x0x1∈Dν∩Wµ∩(W ′×W ′′)
vi
λ(0)
d0x0viλ(1)d1x1(mod TL
′).
This formula allows us to define an action of ζdµλ on T /T
′
L by setting, for any ν = lν
′
and y ∈ Dν ∩ S˜r0,
v¯iνy · ζ
d
µλ = δν,µ
∑
x0x1∈Dν∩Wµ∩(W ′×W ′′)
v¯i
λ(0)
d0x0 v¯iλ(1)d1x1y = δν,µ(v¯µ)ξ
d
µλy,
where v¯i = vi + T
′
L and ξ
d
µλ =
∑
x∈Dν∩Wµ∩(W ′×W ′′)
x−1eµ,λdx ∈ End(S˜r0 )L
(TL). Finally,
it is easy to check that the linear isomorphism
h : S¯F (m|n, r0l) −→ End(S˜r0 )L
(TL), ζ
d
µλ 7−→ ξ
d
µλ
is an algebra homomorphism. 
13. Appendix II: a comparison with a result of Brundan–Kujawa
In [3], Brundan–Kujawa obtained a complete classification of irreducible modules of
Schur superalgebras for all m,n, r. Their approach is quite different. First, they used
a construction of irreducible modules via Verma modules over the super hyperalgebra
Uk of gl(m|n). Second, they used an isomorphism of the Hopf superalgebra Uk and
the distribution superalgebra Dist(G) of the supergroup G = GL(m|n) [3, 3.2] and
a category equivalence between G-supermodules and integrable Uk-supermodules [3,
3.5] to obtain a complete set of irreducible G-supermodules. Finally, by determining
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the polynomial representations of G and applying the Schur functor to Donkin’s
result, they reached an explicit description of the index set Λ++(m|n, r). We now
show that, if m+ n ≥ r and l = p, then there is a bijection from Pr to Λ
++(m|n, r).
There are a quite few ingredients in order to describe the set Λ++(m|n, r). Following
[3], we identify λ ∈ Λ+(r) with its Young diagram
λ = {(i, j) ∈ Z>0 × Z>0 | j ≤ λi}
and refer to (i, j) ∈ λ as the node in the ith row and jth column. Then the rim of
λ is defined to be the set of all nodes (i, j) ∈ λ such that (i + 1, j + 1) /∈ λ. The
p-rim is a certain subset of the rim, defined as the union of the p-segments. The first
p-segment is simply the first p nodes of the rim, reading along the rim from left to
right. The next p-segment is then obtained by reading off the next p nodes of the rim,
but starting from the column immediately to the right of the rightmost node of the
first p-segment. The remaining p-segments are obtained by repeating this process. Of
course, all but the last p-segment contain exactly p nodes, while the last may contain
less.
Let J(λ) be the partition obtained from λ by deleting every node in the p-rim that
is at the rightmost end of a row of λ but that is not the pth node of a p-segment. Let
j(λ) = |λ| − |J(λ)| be the total number of nodes deleted. Clearly, for partition µ, ν,
j(µ+ pν) = j(µ). Let
Λ+(m|n, r) = {λ ∈ Λ(m|n, r) : λ1 ≥ · · · ≥ λm, λm+1 ≥ · · ·λm+n}.
For λ ∈ Λ+(m|n, r), let t(λ) = (λm+1, . . . , λm+n). Note that, if we use the notation
λ = (λ(0) | λ(1)), then t(λ) = λ(1).
We can now describe the index set Λ++(m|n, r) for irreducible modules of the Schur
superalgebra:
Λ++(m|n, r) = {λ ∈ Λ+(m|n, r) | j(t(λ)) ≤ λm}. (13.0.1)
The functions J and j are also used to characterise the Mullineux conjugation. A
partition λ = (λ1, λ2, · · · ) is called restricted if λi − λi+1 < p for i = 1, 2, · · · . Let
RP(r) denote the set of all restricted partitions of r. The Mullineux conjugation is
the bijective function ([3, 6.1],[17, 4.1]):
M : RP(r)→ RP(r), λ 7−→ M(λ) = (j(λ), j(J(λ)), j(J2(λ)), . . .). (13.0.2)
We need another function.
Let G = GL(m|n) and let T be the usual maximal torus of Gev := GL(m)×GL(n).
The character group X(T ) = Hom(T,Gm) is the free abelian group on generators
ε1, · · · , εm, εm+1, · · · , εm+n. For λ ∈ Λ(m + n) := Nm+n, we will identify λ with∑m+n
i=1 λiεi ∈ X(T ). Denote by Dm,n the set of representatives of the right coset of
Sm ×Sn in Sm+n.
Let B1 denote the standard Borel subgroup which is the stabiliser of the full flag
associated with a fixed ordered basis (v1, . . . , vm+n). For w ∈ Dm,n, let Bw be the sta-
biliser of the full flag associated with (vw(1), . . . , vw(m+n)). With Bw, define irreducible
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module Lw(λ) for λ ∈ X(T ); see [3, §2]. Then the relation L1(λ) ∼= Lw(rw(λ)) defines
a bijective map
rw : X(T ) −→ X(T ).
In particular, if we take w to be the longest element w1 in Dm,n, the first part of the
following lemma gives an explicit formula for rw1.
Lemma 13.1 ([3, 6.3, 5.5]). (1) If r ≤ m,n and λ ∈ RP(r), then rw1(λ) = y(M(λ)),
where y : RP(r)→ Λ+(m|n, r) is defined by y(λ) =
∑n
i=1 λiεm+i.
(2) Assume r ≤M . Then
Λ++(M |N, r) = {λ ∈ Λ+(M |N, r) | λM+1 ≡ · · · ≡ λM+N ≡ 0(mod p)}.
In particular, for λ ∈ Λ++(M |N, r), if we write λ = λ0 + pλ1 such that λ0 is p-
restricted, then λ0M+1 = · · · = λ
0
M+N = 0.
Let w =
(
1 ··· m m+1 ··· m+n m+n+1 ··· m+2n
1 ··· m m+n+1 ··· m+2n m+1 ··· m+n
)
∈ Dm+n,n.
Lemma 13.2. Assume r ≤ m + n. If λ = λ0 + pλ1 ∈ Λ++(m + n|n, r) with λ0
p-restricted and t(λ0) = (λ0m+1, · · · , λ
0
m+n), then
rw(λ) =
m∑
i=1
λ0i εi +
n∑
i=1
(M(t(λ0)))iεm+n+i + pλ
1.
Proof. Set M = m + n and N = n. Then w is the w1 with respect to the subgroup
S{m+1,...,m+n} × S{m+n+1,...,m+2n} in S{m+1,...,m+2n}. Note that, first, t(λ
0) is also p-
restricted and r ≤ m+ n implies |t(λ0)| ≤ n; second, by Lemma 13.1(2), λ0m+n+i = 0
for i = 1, · · · , n. Thus, applying [3, Lem. 4.2] and Lemma 13.1 yields4 (noting
(13.0.2))
4In fact, we apply [3, 4.2] repeatedly to the sequence of odd roots
εm+n − εm+n+1, εm+n−1 − εm+n+1, · · · , εm+1 − εm+n+1;
εm+n − εm+n+2, εm+n−1 − εm+n+2, · · · , εm+1 − εm+n+2;
· · · · · ·
εm+n − εm+2n, εm+n−1 − εm+2n, · · · , εm+1 − εm+2n.
and follow the proof of [3, 6.3].
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rw(λ) = rw(λ
0) + pλ1 =
m∑
i=1
(λ0)iεi +
n∑
i=1
j(J i−1(t(λ0)))εm+n+i + pλ
1
=
m∑
i=1
(λ0)iεi +
n∑
i=1
(M(t(λ0)))iεm+n+i + pλ
1,
as required. 
Define τ : Λ(m|n, r) → Λ(m + n|n, r) by setting τ(λ) = (λ(0), 0, · · · , 0|λ(1)). Let
τΛ(m|n, r) := τ(Λ(m|n, r)).
Theorem 13.3. Assume r ≤ m+ n and l = p. Let w ∈ Dm+n,n be the same one in
Lemma 13.2. Then there is a bijection from Pr to
τΛ++(m|n, r).
Proof. We first define a function
h : Pr −→ Λ
++(m+ n|n, r), (λ, ξ, η) 7−→ (λι + pξ|pη).
By Lemma 13.1(2), h is well defined and is injective. Since λ is p-regular, so is
t(λ) = (λm+1, · · · , λm+n). Thus, M(t(λ)
ι) is also p-restricted and |t(λ)| ≤ n since
r ≤ m+ n. By Lemma 13.2,
rw(h(λ, µ, ξ)) =
m∑
i=1
λiεi +
n∑
i=1
M(t(λ)ι)iεm+n+i + p(
m∑
i=1
ξiεi +
n∑
i=1
ηiεm+n+i).
So rw(h(λ, µ, ξ)) ∈
τΛ+(m|n, r). Now, by the proof of [3, 6.5],
τΛ++(m|n, r) = rw(Λ
++(m+ n|n, r)) ∩ τΛ+(m|n, r)
= {µ ∈ τΛ+(m|n, r) | r−1w (µ) ∈ Λ
++(m+ n|n, r)}.
(13.3.1)
Hence, rw(h(λ, µ, ξ)) ∈
τΛ++(m|n, r) and rw ◦ h defines an injective map
rw ◦ h : Pr −→
τΛ++(m|n, r).
We now show that rw ◦ h is surjective. For µ ∈
τΛ++(m|n, r), write τ−1(µ) =
(µ(0)|µ(1)) ∈ Λ++(m|n, r) and µ(1) = µ(1),0+pµ(1),1 with µ(1),0 p-restricted. By (13.0.1),
j(µ(1)) ≤ µm (and so |µ
(1)| ≤ n). By (13.3.1), r−1w (µ) ∈ Λ
++(m+n|n, r). This element
is computed in the proof of [3, 6.5] (noting (13.0.2)):
r−1w (µ) =
m∑
i=1
µiεi +
n∑
i=1
j(J i−1((µ(1),0)))εm+i + p
n∑
i=1
(µ(1),1)iεm+n+i
=
m∑
i=1
µiεi +
n∑
i=1
M(µ(1),0)iεm+i + p
n∑
i=1
(µ(1),1)iεm+n+i.
Then λ := (r−1w (µ))
(0) =
∑m
i=1 µiεi +
∑n
i=1M(µ
(1),0)iεm+i, (r
−1
w (µ))
(1) = pµ(1),1. Since
µ(1),0 is p-restricted, M(µ(1),0) is p-restricted. Hence, if we write
λ = λ0 + pλ1,
where λ0 is p-restricted, then λ1m+k = 0, k = 1, · · · , n. Set d = |λ
1|. Removing
the n zeros at the end of λ1 produces a partition in Λ+(m, d). Thus, we obtain a
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triple ((λ0)ι, λ1, µ(1),1) ∈ Pr such that rw ◦ h((λ
0)ι, λ1, µ(1),1) = µ, proving the desired
surjectivity. Therefore, rw ◦ h is a bijection from Pr to
τΛ++(m|n, r). 
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